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Foreword 


Antenna  and  waveguide  technology  plays  a  large  role  in  con¬ 
temporary  radio  engineering  and  is  rapidly  developing  hand  in  har.d 
with  it.  Specialists  are  interested  in  the  systematic  acquisition 
of  information  or.  the  development  of  one  or  another  of  the  many 
trends  in  antenna  technology,  in  results  of  recent  theoretical  and 
exper inental  studies  in  the  area  of  antennas,  and  in  adjacent  sci¬ 
entific  and  technological  fields,  as  well  as  in  the  discussions 
surrounding  questions  of  interest  tc  them.  In  addition,  inasmuch 
as  at  the  present  articles  on  the  questions  to  be  indicated  here 
are  published  in  various  journals,  their  concentration  in  one  print 
medium  is  also  to  be  desired. 

The  Antenna  Seccion  of  the  Scientific-Technological  Society 
for  Radio  Engineering  and  Electronic  Communications  im.  A.  S.  Popova, 
together  with  the  "Svvaz”’  Publishers,  has  begun  to  issue  a  series 
of  regular  publications  of  works  of  the  Section  in  the  form  of  col¬ 
lections  of  articles  under  the  title,  "Antennas."  The  present  col¬ 
lection  is  the  first  issue.  The  editorial  board  hopes  that  the 
regular  publication  of  articles  and  works  of  the  Section,  articles 
reflecting  the  present  level  in  antenna  technology  and  fields  native 
to  that  subject,  will  be  useful  for  a  large  portion  of  radio  special¬ 
ists  . 


Success  in  initiating  an  Antenna  Section  and  in  a  publishing 
venture  would  be  unthinkable  without  the  active  creative  participa¬ 
tion  of  members  of  the  Society  in  this  endeavor.  This  participation 
may  be  expressed,  not  only  in  the  publication  of  articles,  but  also 
in  reviews  of  articles  submitted  for  publication.  In  connection  with 
this,  the  editorial  board  would  like  to  express  its  gratitude  to 

G.  A.  Evstropov,  V.  D.  Kuznetsov,  and  A.  K.  Stolyarov,  who  took  part,  • 

together  with  members  of  the  editorial  board,  in  reviewing  the  arti¬ 
cles  submitted  for  publication  in  the  first  collection. 

* 

The  editorial  board  will  be  grateful  to  readers  for  their  criti¬ 
cal  commentaries  and  suggestions  concerning  the  nature  of  these  col¬ 
lections  and  the  materials  published  in  them. 

Reader  commentaries,  as  well  as  materials  for  subsequent  collec¬ 
tions  should  be  directed  to  the  editors  of  "Svyaz'"  Publishers  of  the 
"Antennas"  collections  (Moscow  Central,  Chistoprudnyy  Boulevard,  2). 
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PROBLEMS  IN  THE  DESIGN  AND  METHODS  FOR  CALCULATING  THE  PARAMETERS 
OF  VERY  LOU  FREQUENCY  AND  LOU  FREQUENCY  ANTENNAS 

3.  V.  Braude,  E.  G.  Aleksandrova 


Examined  here  are  problems  in  the  rational  design  of  base-station  antennas 
of  the  capacitor  (volumetric)  kind.  It  is  demonstrated  that  the  basic  electri¬ 
cal  features  of  these  kinds  of  systems  are  determined  only  by  the  volume  occupied 
by  the  antenna  system  and  do  not  depend  on  its  configuration;  the  criterion  for 
the  selection  of  the  configuration  may  be  the  system  cost.  Here,  a  method  for 
calculating  the  basic  parameters  (capacitance,  operational  height,  and  loss  re¬ 
sistance)  in  the  antenna  grounding  system. 


Introduction 


The  necessity  for  creating  communication  systems  with  enhanced  reliability 
and  effective  range  has  once  again  attracted  the  attention  of  specialists  to  the 
range  of  lew  frequency  and  very  low  frequency  waves;  these  waves  possess  not  only 
the  capability  of  being  propagated  at  great  distances  with  relatively  small  at¬ 
tenuation,  but  also  assure  stable  functioning  under  conditions  of  ionospheric 
disturbance. 


In  creating  a  radio  station  using  the  low  frequency  (LF)  and  very  low  fre¬ 
quency  (VLF)  ranges,1  the  predominating  problem  is  the  choice  of  a  radiating  sys¬ 
tem  that  must  have  the  required  electrical  parameters,  reliability,  and  lowest 
possible  cost. 

It  has  been  impossible  up  to  now  to  predicate  the  antenna  dimensions  for  an- 
*  tennas  working  in  this  wave  range,  although  as  a  rule,  as  with  the  antenna  dimen¬ 

sions  of  antennas  in  other  wave  ranges,  the  dimensions  are  roughly  dependent  on 
,  wave  length.  It  is  known  only,  however,  that  these  antenna  dimensions  are  small 

in  comparison  to  wave  length. 


Despite  the  fact  that  the  electrodynamic  model  of  this  kind  of  system  is 
quite  simple,  the  creation  of  LF  and  VLF  antenna  systems  is  connected  with  great 
difficulties,  first  of  all,  because  of  the  enormous  margins  of  reactive  power  in 

1  We  are  concerned  here  with  frequency  ranges  of  150-50  kHz  (the  conventional  long 
waves)  and  50-10  kHz  (conventional  very  long  waves). 
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them,  and  secondly,  because  of  the  necessity  for  modern  systems  to  function 
across  wide  frequency  ranges. 


It  should  be  remarked  chat  up  to  the  present  time  the  only  criterion  for 
evaluating  the  effectiveness  of  antennas  of  the  type  indicated  here  has  not  been 
made  use  of:  problems  in  rational  design  have  been  approached  by  means  of  a 
method  of  sampling,  but  the  choice  of  optimal  system  dimensions  has  been  depend¬ 
ent  on  the  designer's  experience. 

General  Design  Principles 

In  designing  LF  and  VLF  antennas,  it  is  necessary  to  take  into  account  that 
it  is  the  operational  conditions  in  the  long  wave  portion  of  the  frequency  range, 
where  the  antenr.a  and  its  elements  for  tuning  form  a  simple  oscillatory  circuit, 
that  will  be  the  most  troublesome. 

The  effectiveness  of  fixed  or  base-station  antennas,  which  may  be  called 
volumetric  type  antennas,  is  characterized  by  their  Q-factors ,  by  which  is  under¬ 
stood  the  ratio  of  reactive  power  reserve  in  the  antenna  to  its  emissive  or  radi¬ 
ating  power.  For  antennas  whose  dimensions  are  small  in  comparison  with  wave 
length,  radiation  resistance  can  be  computed  according  to  Rucenberg's  formula, 
and  the  computation  of  reactance  is  based  on  taking  the  antenna  to  be  in  the  shape 
of  a  flat  capacitor,  without  taking  into  account  edge  effect  influences.  This 
latter  does  not  lead  to  any  appreciable  error,  because  the  allowable  error  is 
compensated  for  by  a  drop  in  capacitance,  caused  by  the  wire  structure  of  the 
curtain  array. 

The  antenna  Q-factor  is  calculated  as  the  ratio  of  its  reactance  to  its  radi¬ 
ation  resistance,  written  in  the  form: 


where  X  is  wave  length;  v=Sh,  the  volume  occupied  by  the  antenna;  S  is  the  sur¬ 
face  area  occupied  by  the  antenna;  h  is  the  height  of  the  antenna  curtain  array 
suspension,  which  may  be  taken  equal  to  the  antenna  operational  height. 

The  antenna  efficiency  coefficient  is  determined  by  the  following  expression, 
first  introduced  by  A.  A.  Pistol 'kors  [1]: 


2 


V  \ 

where  is  the  Q-f actor  of  the  adjustment  elements  taking  into  account  antenna 
losses . 


The  antenna  circuit  Q-f actor  and  the  antenna  bandwidth  are  expressed  as: 


2  F  =  — - 
Vak 


Here,  f  is  the  carrier  frequency. 


When  a  power  ?  is  fed  to  an  antenna  circuit,  it  is  easy  to  derive  the  fol-  /< 

lowing  expression  for  the  voltage  on  the  antenna: * 


equations  (l)-(4)  make  it  possible  to  establish  the  following  important  con¬ 
clusions:  (1)  The  antenna  circuit  efficiency  coefficient  and  its  bandwidth  at 

given  wavelengths  and  adjustment  element  Q-factors  are  determined  only  by  the 
volume  occupied  by  the  anter.na  system,  and  does  not  depend  on  the  configuration 
of  this  volume.  In  other  words,  an  antenna  may  take  up  a  small  surface  area,  but 
it  must  be  suspended  on  high  masts,  and  if  the  antenna  is  suspended  on  low  masts, 
it  must  take  up  a  large  surface  area.  (2)  The  antenna  voltage  at  given  wave¬ 
lengths  and  volumes  is  determined  by  the  radiation  power,  and  it  increases  in  the 
height  of  the  masts  used  for  suspending  the  antenna  curtain. 


It  is  expedient  and  necessary  to  use  the  cost  of  an  antenna  as  a  criterion 
for  finding  its  optimal  volumetric  configuration;  the  cost  is  basically  determined 
by  the  weight  of  the  metallic  parts  used  for  supporting  the  antenna  curtain.  The 
weight  of  metal  parts,  in  its  turn,  is  proportional  to  the  load  on  the  masts  and 
the  number  of  masts. 

Let  the  lead  on  the  masts  be  determined  by  wind  pressure  on  the  antenna  cur¬ 
tain  array.  Then,  the  load  on  one  mast  is  expressed  thusly: 


1  Formulas  (1)  and  (4)  are  also  derived  in  [19]. 
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where  1  is  the  span  length,  p  is  the  conductor  sag,  and  d  is  the  diameter  of  the 
conductors  in  the  antenna  array. 


Assuming  that  the  span  length  and  the  conductor  sag  are  proportional  to  the 

S 

mast  height  H,  and  the  number  of  masts  in  the  system  is  N=yy,  we  derive  the  fol¬ 
lowing  expression  for  the  total  weight  G  of  the  metal  work: 


d  S 


(hi 


This  expression  was  first  derived  by  Yu.  A.  Savitskiy. 


As  the  conductor  diameters  of  the  antenna  curtain  array  are  proportional  to 
the  voltage  as  determined  by  equation  (4),  we  have: 


where  K  is  Che  coefficient  of  proportionality.  To  find  the  coefficient  of  pro¬ 
portionality,  it  is  sufficient  to  calculate  any  concrete  antenna  system.1 

From  equation  (7),  which  determines  in  the  final  analysis  the  cost  of  the  /' 

antenna,  it  follows  that  the  antenna  cost  is  proportional  to  the  square  of  the 
wavelength  and  the  square  root  of  the  radiational  power.  Further,  it  follows  from 
this  equation  that  antenna  cost  is  reduced  with  an  increase  in  mast  height.  It 
is  necessary  to  remember,  however,  chat  together  with  an  increase  in  mast  height, 
the  surface  area  occupied  by  the  antenna,  as  well  as  the  number  of  antennas,  must 
be  decreased.  An  increase  in  mast  height  is  connected  at  the  same  time  with  a 
proportional  increase  in  antenna  voltage. 

In  this  way,  it  is  advisable  to  use  higher  masts  in  designing  LF  and  VLF 
antennas,  if  the  mast  height  is  not  restricted  by  any  kinds  of  special  conditions. 


The  antenna  volume  required  for  assuring  determined  features  and  characteris¬ 
tics  can  be  realized  in  various  ways.  This  may  be  by  means  of  a  system  made  from 
one  or  several  gamma-shaped,  T-shaped,  or  umbrella  antennas  working  in  parallel, 
whose  feed  is  realized  according  to  the  simple  parallel  circuit  suggested  by  I.  G. 
Freyraan  [2],  or  according  to  the  circuit  of  Aleksandersen  [3-5].  The  slot  radiator 

1 According  to  a  communication  from  G.  Z.  Ayzenberg,  for  some  types  of  antennas, 
the  value  of  H  in  formula  (7)  should  be  more  correctly  substituted  by  Hn  (n<l). 

The  value  of  n  depends  on  the  concrete  type  of  antenna  system  being  used. 
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schemes  with  extended  horizontal  portions,  suggested  by  C-.  Z.  Ayzenberg  and 
studied  by  3.  S.  Nadenenko  [6],  can  also  be  used. 

In  using  slots  that  are  disconnected  or  open  on  the  ends,  these  kinds  of 
vibrations  are  of  considerable  interest  also  for  the  wave  ranges  under  considera¬ 
tion  here.  A  similar  system  was  used  in  creating  the  "valley"  antenna  [7],  ac¬ 
cording  to  which  the  horizontal  curtain  is  suspended  between  mountain  ridges. - 

The  layouts  for  the  antenna  types  indicated  above  are  shown  in  Figs.  1-4. 


Fig.  i.  Antenna  system  with  horizontal 
portion  in  the  shape  of  a  convex  poly¬ 
gon. 

Key:  (a)  view  along  AB 


Fig.  2.  Antenna  system  with  horizontal 
portion  in  the  shape  of  a  six-pointed 
star. 


The  choice  of  the  number  of  individual  constituent  elements  making  up  the 
antenna  system  volume  necessary  for  assuring  the  required  electrical  characteris¬ 
tics  is  determined  basically  bv  the  range  of  waves  over  which  the  antenna  must 
function,  as  well  as  by  its  slewability  and  reliability.  Normally,  the  number 
of  system  elements  is  chosen  in  such  a  way  that  their  natural  resonance  frequency 
is  equal  to,  or  almost  equal  to,  the  highest  range  frequency.  In  this  case,  the 
necessity  for  using  expensive  capacitors  for  adjusting  the  antenna  disappears, 
and  antenna  adjusting  is  carried  out  only  by  means  of  inductors.  The  existence 
of  several  elements  also  lowers  the  ground  losses  and  enhances  station  slewability 
as  a  whole. 

efficiency  coefficient  for  this  kind  of  antenna  turned  out  to  be  low  due 
to  the  negligible  conductivity  of  the  mountain  rock  in  the  area  where  the  an¬ 
tenna  was  set  up.  As  slight  conductivity  in  rock  is  characteristic  for  almost 
all  mountain  regions,  the  effectiveness  of  "valley"  antennas  is  low  as  a  rule. 
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portion  in  the  shape  of  a  rectangular 
screen . 

An  important  place  in  designing  antennas  is  occupied  by  the  problem  of 
selecting  maximum  voltage  values.  For  conductors  with  diameters  on  the  order 
of  25  mm,  the  maximum  allowable  voltage  at  which  corona  losses  do  not  exceed 
allowable  values,  is  about  200  effective  kV.  This  voltage  is  also  used  in  modern 
large-scale  7LF  radio  stations.  It  is  characteristic  that  the  transition  to 
higher  voltages  does  net  lower  the  cost  cf  antenna  equipment,  because  conductors 
with  larger  diameters  must  be  used  in  this,  and  as  a  consequence,  the  metal  con¬ 
struction  weight  increases  [see  formula  (6)].  In  addition,  with  an  increase  in 
voltage,  the  insulation  problem  for  the  antenna  curtain  becomes  more  complex,  es¬ 
pecially  with  regard  to  the  antenna  feed,  and  for  this  reason  using  voltages 
higher  than  200  effective  kV  is  not  possible  3t  present. 

The  most  complex  problem  in  creating  LF,  and  especially  VLF ,  antennas  is  de¬ 
riving  high  values  for  the  coefficient  of  efficiency.  As  may  be  seen  from  the 
ratios  cited  above,  this  value  depends  as  a  rule  on  the  selection  of  antenna 
volume,  which  determines  its  Q-factcr,  Q^,  and  the  Q-factors  of  the  adjustment 
elements,  taking  into  account  ground  losses  Q  .  Keeping  in  rair.d  that  the  margins 
of  reactive  power  in  extended  inductors  and  in  the  antenna  system  are  identical, 
it  is  possible  to  choose  a  surface  area  for  an  antenna  and  the  grounding  equipment 
taking  the  condition  of  the  equality  of  losses  in  the  ground  and  in  the  extension 
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inductors  ns  a  starting  point.  For  this,  it  is  necessary  to  decrease  by  two 
times  the  C-faccor  for  the  adjustment  elements  cited  above  and  to  be  enterad  in 
expression  (2),  in  comparison  with  the  natural  inductor  Q-vslue.  It  is  natural 
that  in  each  concrete  case  .ercund  losses  and  losses  :  ;  the  extension  inductors 
can  occur  in  other  relationships  and  according  to  other  ratios.  However,  the  de¬ 
mands  made  on  the  adjustment  elements  and  the  grounding  systems  should  be  regulated 
by  means  of  a  predetermined  method. 

It  should  be  noted  that  the  use  of  Litz  wire  with  a  large  cross  section  makes 
it  possible  to  derive  at  the  present  time  a  natural  O-factor  for  the  extension  in¬ 
ductors  of  about  1,500.  Taking  the  cited  Q-factor  of  an  inductor  to  be  equal  to 
730,  from  formulas  (1)  and  (2)  it  is  easy  to  conclude  that  for  the  creation,  for 
example,  of  an  antenna  with  an  efficiency  coefficient  on  the  order  of  50%  for  a 
wave  of  30  km,  its  volume  must  be  approximately  equal  to  1.35  km-.  For  this,  the 
overall  extent  of  the  conductors  in  the  grounding  system,  depending  on  the  con¬ 
ductivity  of  the  soil,  may  amount  to  1,000  to  3,000  km. 

The  Method  for  Calculating  Basic  Parameters 

The  Calculation  of  Static  Capacitance  and  the  Natural  Resonance  Wave 

The  most  widely  used  method  in  calculating  the  capacitance  of  antenna  systems 
is  the  method  derived  by  How;  however,  for  greatly  extended  wire  curtains,  it 
turns  out  to  be  very  cumbersome.  The  considerable  success  achieved  recently  in 
the  area  of  the  theory  of  wire  curtains  (mostly,  thanks  to  the  work  of  M.  I. 
Kontorovic’n  [8,  9]},  makes  it  possible  to  substantially  simplify  the  methods  for 
calculating  antenna  capacitances. 

The  individual  elements  of  an  antenna  made  from  a  series  of  conductors  are 
substituted  by  thin,  solid  metallic  surfaces,  whose  dimensions  and  shapes  corres¬ 
pond  to  the  wire  portions  of  the  antenna.  If  the  distance  between  conductors  in 
the  net  is  smaller  than  twice  the  height  of  their  suspension  over  the  ground,  then 
it  is  possible  to  demonstrate  that  the  differences  in  potentials  of  the  wire  net 
and  the  solid  metallic  surface  with  the  same  dimensions  can  be  determined  basically 
by  the  difference  between  the  potentials  of  one  conductor  and  a  solid  plate  whose 
width  is  equal  to  the  distance  between  the  conductors  in  the  system.  The 
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relative  to  the  grou; 


he  fcl- 


capacitar.ee  r 
1  ovin  i  -u.nn  a  r : 


the  wire  curtain 


r.d  is  exoress^u  in 


i  51 


where  Cq  is  the  capacitance  of  the  solid  metallic  surface  having  the  shape  of  s 
wire  curtain,  and  1,  d,  and  r  are  respectively  the  overall  length  of  all  conductors 
in  the  curtain,  the  distance  between  the  conductors,  and  the  radius  of  the  cross 
sectional  area  cf  the  conductors  expressed  in  centimeters. 


The  capacitance  of  the  solid  metallic  surface  with  a  surface  area  S=cR^[cmij, 
disposed  parallel  to  the  ground  surface  at  a  height  of  h  [cm],  is  determined  ac¬ 
cording  to  the  following  formula: 


1  -  Ir. 


n 


i9> 


This  last  formula  may  be  used  both  for  curtains  in  the  shape  cf  a  disk,  as 
well  as  fcr  curtains  in  the  shape  of  convex  polygons.  With  a  curtain  rectangular 
form,  it  is  necessary  that  the  dimensions  of  its  sides  differ  from  each  other  by 
not  more  than  three  to  four  times.  Fcr  the  six-pointed  star  in  Fig.  2,  the  radius 
of  the  described  circle,  equal  to  Rq,  should  be  taken  as  R=0.825‘Rq  in  formula 
(9).: 


The  expressions  cited  above  make  it  possible  to  easily  calculate  the  capaci¬ 
tance  of  the  horizontal  portion  of  an  antenna.  The  antenna  downlead  capacitance 
for  the  antennas  being  considered  here  is,  as  a  rule,  quite  negligible  in  compari¬ 
son  with  the  capacitance  of  the  horizontal  portion.  However,  its  value  is  neces¬ 
sary  for  calculating  the  antenna  feed  impedance.  It  is  possible  to  shew  that  the 
influence  of  the  charges  of  a  greatly  extended  horizontal  antenna  portion  reduces 
the  downlead  capacitance  by  twofold  in  comparison  with  the  value  calculated  taking 
into  account  the  influence  of  the  horizontal  portion.  In  this  way,  the  antenna 
downlead  capacitance  for  umbrella  antennas  is: 


‘The  height  of  the  antenna  curtain  is  determined  in  the  following  manner: 

-  for  umbrella  antennas: 

2  2 

Ht~y-r  —  ij);  for  rectangular  curtains:  1— —  \  -  •. 

3  3 

Here,  1’  and  Li  are  the  conductor  sags  for  the  curtains  (see  Figs.  1-3).  The 
formulas  have  been  derived  with  the  presumption  that  the  antenna  wires  are 
twisted  according  to  a  parabolic  principle. 
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where  h,  is  the  downlead  length,  cm,  and  r„  is  the  cross  sectional  area  radius 

of  a  cylindrical  downlead.  If  a  downlead  is  made  of  n  conductors  with  a  radius 

of  r,  disposed  in  a  circle  with  radius  R,  then  r  =Rn/nr~  . 

°  R 

For  slot  antennas,  the  downlead  capacitance  is  determined  by  the  expression: 


::j  r.-;s  J.i, 

The  natural  wavelength  of  the  antenna  in  a  first  approximation  is  written  in 
the  form: 


where  C-  is  the  capacitance  of  the  antenna’s  horizontal  portion.  This  formula  is 
derived  with  the  assumption  that  the  antenna  inductance  is  determined  by  its  down¬ 
lead.  It  is  necessary  to  use  long-line  theory  for  the  precise  determination  of 
an  antenna's  natural  wavelength  and  its  reactive  capacitance. 

Calculation  of  the  Operational  Antenna  Height  Taking  into  Account  the 
Horizontal  Curtain  Suspension  and  the  Counterphase  Excitation  of  the 
Supporting  Metal  Mass 

In  determining  the  operational  height  for  LF  and  VLF  antennas,  it  is  necessar; 
to  take  into  account  the  distribution  of  capacitance  throughout  the  whole  system 
between  its  horizontal  and  vertical  parts,  as  well  as  the  influence  of  the  wire 
suspension  of  the  horizontal  parts  and  the  currents  excited  in  the  supporting 
structures  of  the  antennas. 

If  we  assume  that  the  shape  of  the  conductors  forming  the  antenna  is  para¬ 
bolic,  and  the  wire  suspension  sag  is  significantly  less  than  its  total  length, 
then  for  T-shaped  and  slot  antennas  the  operational  height  is  determined  by  the 


STF? 


her;  b  and  are  :hc  ::'i.:pensi;n  sags  in  the  horizontal  curtain  in  two  mutually 
perpendicular  surfaces,  C,=CVl-LCr,  the  antenna  available  capacitance. 

For  an  umbrella  antenr.a  with  an  uooer  oart  in  the  form  of  a  cone  with  a  large 


- -  H,  —  H,  -  A,  -  ±i  ; '  1  -  ~  I, 


where  lh  is  the  central  mast  height,  H2  is  t!ie  height  of  periphery  masts  (normally 
Hi),  1 1  is  the  vertical  suspension  sag  of  the  radial  wires,  and  is  the 
vertical  suspension  sag  of  the  periphery  wire  ropes  between  the  peripheral  masts. 


In  practical  applications  of  antenna  equipment,  it  is  a  variant  of  the  sys¬ 
tem's  construction,  according  to  which,  the  masts  and  the  guy-wires  supporting  them, 
are  grounded.  The  mast  with  guy-wires  in  this  case  forms  a  nonhomogeneous  line, 
whose  driving  capacitance  decreases  according  to  an  increase  in  the  distance  from 
the  ground  to  the  cross  section  under  consideration.  The  dependency  of  the  driv¬ 
ing  capacitance  Ci  on  the  mast  height  may  be  approximated  by  an  equation  of  the 
f  0  rm: 

~  C„|  !  —  j  ,  ( 1 

where  C;n  is  the  driving  capacitance  of  the  mast  with  guv-wires  in  its  foundation, 

H  is  the  mast  height,  and  x  is  the  distance  from  the  mast  foundation  to  the  cross 
sectional  area  under  consideration.  The  degree  indicator  n  cannot  be  precisely 
calculated;  however,  for  masts  with  three  surfaces  of  guy-wires,  disposed  at  a 
45’  angle  to  the  mast  column,  the  value  of  n,  as  calculations  have  shown,  can  be 
taken  equal  to  2.  For  grounded  masts  with  insulated  guy-wires,  n  should  be  taken 
equal  to  0. 


Taking  a  grounded  mast  as  a  receiving  antenna,  around  which  an  electrical  field 
with  voltage  E  is  distributed,'  and  using  the  reciprocity  principle,  it  is  possible 
to  demonstrate  that  the  distribution  of  charge  excited  by  the  antenna  field  in  a 


’-This  formula  and  the  subsequent  ones  were  derived  under  the  assumption  that  the 
heights  of  the  grounding  supports  are  small  in  comparison  with  the  wavelength. 

The  r._..ural  wavelength  of  the  grounded  masts  with  their  guy-wires  is  about  3.5-K. 
For  this  reason,  the  cited  formulas  may  be  used  if  the  working  wavelength  is 
ereater  than  7 -K. 

-•tor  antennas  with  a  greatly  extended  horizontal  portion,  it  is  possible  to  take 
E  as  a  constant  magnitude. 
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vr.  era  'j 
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__j _ — '  _.T 

is  the  wave  number,  and 
ir.  the  mast  with  guy- wires,  which  can  be 


determined 


is  the  available 
by  means  of  inte¬ 


grating  (15). 


As  model  measurements  have  shown,  the  available  capacitance  of  mast  with 
guy-wires  depends  basically  on  the  dimensions  of  the  guy-wires.  For  taasts  with 
three  to  five  tiers  of  guy-wires  disposed  in  three  layers  at  an  angle  of  45°  to 
the  mast  column,  the  capacitance  Cn  may  be  found  according  to  the  following  semi- 


empirical  formula: 


C, 


t  H 


r« 


where  r  is  the  radius  of  the  guy-wire  cross  section.  All  dimensions  are  ex¬ 
pressed  in  centimeters. 


The  operational  mast  height,  with  respect  to  the  current  in  its  foundation, 
is  determined  by  integrating  expression  (16),  and  amounting  to: 

=  — =—  //. 

“  n— 3 

In  this  way,  all  necessary  data  for  calculating  the  operational  antenna 
height  taking  into  account  the  currents  excited  by  the  antenna  in  the  grounded 
masts  are  determined. 


With  a  voltage  U  cn  the  antenna,  the  current  in  its  foundation  is: 


'a 


i  .<  C  \ 
~3J 


I  |Oi 


If  the  operational  antenna  height  is  equal  to  h  without  taking  into  account 
the  influence  of  the  mast,  the  resulting  operational  height  hi  can  be  found  from 

^or  grounded  masts  with  insulated  guy-wires, 


-  —  i  I 

rc? 

where  rcp  is  the  equivalent  radius  of  the  mast  column  cross  section. 
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arouncee  m.i.:s  an  .  an  tar.; -..a  svo-uai. 


Substituting  the  value  of  I,  from  formula  (19),  Iq  from  formula  (16),  and 
1  .  from  formula  (13)  into  this,  we  ret: 


V 


l 


"  r 


It  should  re  noted  that  grounded  masts  in  an  antenna  system  also  increase 
the  system's  capacitance ;  this  may  be  found  from  the  following  expression: 


Y  _Hfj_ 


■22) 


where  C',  to  the  antenna  capacitance  taking  into  account  the  influence  of  groundec 
masts . 


If  of  the  overall  number  of  grounded  masts  N',  Hi  masts  are  peripheral  masts, 
and  ^2  masts  are  disposed  on  the  interior  of  the  antenna  curtain,  then  for  the 
peripheral  masts  HE^O.Sb  U,  and  for  the  internal  masts  HE^*0.75  U.  These  rela¬ 
tionships  are  derived  with  the  assumption  that  the  peripheral  masts  are  disposed 
■at  a  distance  on  the  order  of  0.1*11  from  the  antenna  curtain,  and  that  the  capaci¬ 
tance  of  the  wire  antenna  curtain  is  about  0.75  of  the  capacitance  of  the  same  kind 
of  curtain,  but  one  made  from  a  solid  metal  surface. 

On  the  basis  of  what  has  been  outlined  above,  we  have: 

•V  u  \ .  _  ,vs 

i  '  i 

Fcr  the  antenna  systems  illustrated  in  Figs.  1  to  3,  h  *0.75-H;  *0.9 

h<0.675*H;  C'^-1.03  C^.  For  this  situation,  the  distance  between  masts  is  taken 
to  be  equal  to  twice  Che  height,  and  the  suspension  sag  of  the  wires  ir.  the  an¬ 
tenna  curtain  is  about  0.15*11;  the  downlead  capacitance  is  about  57;  of  the  capaci¬ 
tance  of  the  horizontal  portion. 
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in;  the  Antic  nr.  a  Dielectric  Set* 


As  the  distance  between  the  conductor  wires  in  the  kinds  of  antennas  under 
consideration  here  are,  as  a  rule,  many  times  greater  than  the  conductor  wire 
diameters,  the  average  voltage  gradient  along  the  conductor  wires  of  the  horizontal 
portion  of  the  antenna  can  be  expressed  as: 


where  1 r  is  the  overall  length  cf  all  conductor  wires  in  the  horizontal  portion. 


The  average  voltage  gradient  on  the  conductor  wires  in  the  vertical  portion 
of  the  antenna  can  also  be  determined  according  to  formula  (24),  if  the  index  r 
is  substituted  by  h  and  equations  (10)  or  (11)  are  used. 


In  addition  to  the  dielectric  strength  cf  the  basic  mass  of  conducting  vires 
determined  by  equation  (24),  it  is  necessary  to  calculate  the  dielectric  strength 
or  the  peripheral  conductor  wires  of  the  antenna  and  those  parts  of  it  which  are 
disposed  near  the  ground  or  near  the  metal  grounded  supports.  Thus,  the  well-  / 

known  expression  following  may  be  used  for  the  voltage  gradient  of  peripheral  con¬ 
ductor  wires  in  the  horizontal  portion: 

£  = - - - . 

J  >> 

r  !n - 


er.t 


If  a  peripheral 
can  be  calculated 


conducting  wire  is  located  near 
in  the  following  manner  [IS]: 


r 


the  grounded  mast, 


the  gradi- 


where  R  is  the  distance  from  the  conducting  wire  to  the  mast,  and  r  cp  is  the  aver¬ 
age  radius  of  the  mast  cross  section. 


In  assessing  the  dielectric  strength  of  the  periphery  conducting  wires,  it  is 
necessary  to  take  the  greatest  of  the  values  derived. 

For  a  downlead  composed  of  n  conducting  wires  disposed  around  a  grounded  mast, 
the  voltage  gradient  should  be  determined  according  to  the  following  formula: 
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where  P.  is  the  distance  from  the  downlead  conducting  wires  to  the  mast  axis. 

It  is  possible  to  use  formula  (27)  also  when  n=l;  in  this  case,  it  is  suit¬ 
able  for  calculating  the  gradient  on  the  downlead  conducting  wires  of  slot  antennas 
that  are  disposed  near  grounded  masts. 

The  voltage  gradient  on  conducting  wires  of  a  distributor  feeder  for  slot 
antennas  is  expressed  thusly: 

;  • 

£  ,  - — ■  . 

where  R  is  the  area  of  the  circle  over  which  n  feeder  conducting  wires  are  dis¬ 
eased  . 


In  evaluating  ar.  antenna's  dielectric  scrength,  it  must  be  taken  into  con¬ 
sideration  that  the  breakdown  voltage  gradient  for  air  is,  under  normal  atmospheric 

^  •  icV 

conditions,  about  21.2  - '■ - L.  The  voltage  gradient  at  which  corona  losses  begin 

C!1off.  kV 

in  moist  air  is  about  10  - — — .  For  this  reason,  in  antenna  designing,  a 

working  voltage  is  chosen  ir.  such  a  way  that  the  maximum  voltage  gradient  cn  the 


conduct  ing 


.••rs!  m-M  1 


be  less  than  the  value  indicated  above. 


Antenna  insulations  must  be  fitted  with  electrostatic  protection  accessories 
for  the  creation  of  uniform  field  distribution  across  the  porcelain  insulators.  The 
voltage  gradient  on  the  construction  elements  in  the  accessories  may  be  calculated 

according  to  the  formulas  cited  in  fid].  The  gradient  across  the  porcelain  shculd 

,  ,  eff.  kV  f,  kV  ampl.'\ 

not  exceed  0.7 - v  1  - c — ). 

cm  '  cn 


Calculating  the  Resistance  to  Grounding  Losses 

The  theory  of  groundings  for  LF  antennas  across  the  period  of  the  first  four 
decades  in  the  development  of  radio  engineering  was  the  least  developed  area  in 
radiation  theory.  The  methods  used  and  applied  for  calculating  groundings  did  not 
reflect  any  galvanic  physical  substance  to  radiation  processes  and  the  distribution 
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of  electromagnetic  energy,  and  th^. yielded  only  the  cost  approximate  and  prelimi¬ 
nary  data  on  losses  in  the  ground. 

A  substantial  shift  in  grounding  theory  took  place  in  1935  with  the  method 
of  Brown  [10],  which  he  developed  for  calculating  currents  in  a  ground  excited  by 
an  antenna  field.  The  Brown  theory  made  it  possible  to  determine  the  direction 
and  magnitude  of  currents  flowing  in  the  ground,  and  in  this  way,  it  yielded  a 
basis  for  a  more  rational  construction  of  grounding  systems.  The  detailed  data 
of  Brown,  Louis,  and  Epstein  [10]  that  appeared  subsequently  in  1937  concerning 
the  distribution  of  currents  in  a  ground  with  the  presence  of  a  grounding  consti¬ 
tuted  from  radially  distributed  conducting  wires,  occasioned  a  considerable  simpli¬ 
fication  and  facilitation  in  investigations  concerning  this  problem.  However, 
Brown's  assumptions  and  allowances  did  not  make  it  possible  to  determine  the  ab¬ 
solute  magnitude  of  losses. 

The  basic  idea  underlining  his  theory  consists  in  the  following.  It  is  as- 
sumed  that  a  ground  is  an  ideal  conductor,  and  from  the  equation  i=j^-H,  where  H 
is  determined  according  to  the  theory  of  the  distribution  of  electromagnetic  waves 
for  a  vertical  radiator,  the  surface  current  density  in  the  ground  may  be  found. 

It  is  further  assumed  that  with  a  finite,  but  ground  of  sufficiently  high 
conductivity,  the  earth  current  will  remain  practically  the  same  (subsequently, 
this  was  experimentally  confirmed  for  relatively  small  distances  from  an  antenna) 

In  this  way,  knowing  the  conductivity  of  the  ground  and  the  current  magni¬ 
tude,  it  is  possible  to  calculate  losses  in  each  volume  element  of  ground  surface. 
However,  when  these  losses  are  integrated  across  the  whole  ground  surface  taking 
into  account  the  finite  depth  of  current  penetration  into  the  earth,  it  turns  out 
that  the  expression  for  losses  goes  to  infinity. 

This  result  is  completely  explicable  if  it  be  taken  into  account  that  the 
overall  current  induced  in  an  ideally  conducting  ground,  at  an  infinite  distance 
from  the  antenna,  goes  to  a  finite  magnitude.  Cn  the  strength  of  these  reasons, 
Brown,  Louis,  and  Epstein  were  forced,  in  their  comparisons  of  various  grounding 
systems,  to  limit  the  summing  of  losses  to  the  limits  of  the  grounding  systems 
considered. 


dividing  an 


i'emewhac  earlier,  in  192  j,  M.  S.  .‘’•ivman  proposed  a  method  of  dividing  an 
els-ccromagnetie  field  of  antennas  into  component  inductions  and  radiations; 
this  method  made  it  possible  to  avoid  the  complications  cited  above  and  to  find 
an  absolute  value  for  the  losses.  The  components  of  the  field  current  in  the 
ground  excited  by  the  induction  field  and  the  radiation  field,  as  with  the  field 
components  tn'ems  elves ,  are  shifted  through  a  phase  of  90=.  On  the  strength  of 
this,  ground  losses  caused  by  these  currants  can  be  algebraically  summed.  The 
component  radiation  current,  equal  to  zero  in  the  antenna  foundation,  increases 
with  the  distance  and  approaches  a  constant  limit  at  infinity.  The  component 
induction  current,  equal  in  the  foundation  to  the  ar.ter.na  field  current,  drops 
off  with  distance  a:.d  ^oes  to  zero  at  infinity. 


Ground  losses  fr.>n  the  first  currant  component  determine  the  nature  of  the 
attenuation  of  .•  iectromagnetic  waves  in  their  dissemination  and  are  dependent 
basically  .  n  ‘.L>  LI  parameters.  The  grounding  arrangement  has  no  substantial 
influence  on  these  losses,  as  it  occupies  a  comparatively  small  area  near  the 
antenna  with  minimal  values  for  the  radiation  current  component. 

The  second  field  component  is  connected  directly  with  the  antenna  current 
and  determined  by  the  3iot-Savart  Law.  Ground  losses  caused  by  this  component 
are  usually  called  "grounding  losses."  The  metallization  of  the  ground  near  an 
antenna  sharply  reduces  these  losses.  Integrating  them  across  the  whole  surface 
from  the  foundation  of  the  antenna  to  infinity,  taking  into  account  only  the  second 
field  component,  it  is  possible  to  derive  an  expression  for  calculating  resistance 
to  ground  losses . 

In  1944,  M.  I.  Kontorovicn  and  N.  S.  Beschastnov  suggested  a  method  for  cal¬ 
culating  ground  losses  [12]  based  on  the  calculation  of  antenna  capacitance  by 
means  of  the  mirror  reflection  of  the  antenna  and  its  counterpoise  in  the  ground, 
and  possessing  arbitrary  parameters.-  In  1946,  S.  I.  Nadenenko  [11]  suggested 
summing  the  ground  losses  from  the  field  current  in  the  half-wave  radius,  for  cal¬ 
culating  ground  resistance,  beginning  with  the  assumption  that  the  induction  fields 
beyond  the  limits  of  this  zone  are  no  longer  great. 

‘With  the  existence  of  finite  soil  conductivity,  the  antenna  capacitance  turns 
out  to  be  complex,  and  for  this  its  imaginary  component  makes  it  possible  to  cal¬ 
culate  the  antenna  resistance  caused  by  ground  losses. 
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In  the  same  year,  on  the  basis  of  the  Hansen  and  Beckerley  theory  [13], 
a  precise  method  for  calculating  the  antenna  impedance  was  developed,  with  a 
precision  up  to  a  given  current  distribution  in  the  antenna  and  a  given  grounding 
[14].  In  particular,  it  was  demonstrated  that  if  the  antenna  dimensions  and  the 
grounding  dimensions  are  small  in  comparison  with  the  wavelength  in  the  soil,  the 
results  of  a  precise  calculational  method  will  agree  with  the  results  of  M.  I. 
Kontorovich' s  and  X.  S.  Beschastnov's  approximative  method.  At  the  same  time, 
the  resistance  to  ground  losses  turns  out  to  be  net  dependent  on  frequency  (for 
the  case  when  the  displacement  currents  in  the  soil  are  small  in  comparison  with 
the  conduction  currents). 

If,  however,  the  antenna  dimensions  and  the  grounding  dimensions  are  large 
in  comparison  with  the  wavelength  in  the  soil  (which  does  not  exclude  the  pos¬ 
sibility  of  their  being  small  in  comparison  with  the  wavelength  in  the  air),  then 
the  resistance  to  ground  losses  is  proportional  tc  the  *f  (where  f  is  frequency), 
that  is,  the  nature  of  this  phenomenon  is  conditioned  by  the  skin-effect  phenomenon, 
all  of  which  vindicates  the  Brown  method  of  calculation.  In  addition  to  this,  as 
it  emerges  from  the  precise  method  of  calculation,  ground  losses  which  lower  the 
antenna  efficiency  coefficient  are  caused  only  by  its  induction  fields.  This  is 
the  basis  of  M.  S.  Newman's  idea  explained  above. 

In  1954  and  1953,  Wait  and  Pope  suggested  a  method  for  determining  the  an¬ 
tenna  feed  impedance,  taking  into  account  the  finite  conductivity  of  the  ground; 
the  method  was  based  on  using  the  Lorenz  lemma.  The  essence  of  this  method  con¬ 
sists  in  the  following.  The  antenna  feed  impedance,  taking  into  account  the  fin¬ 
ite  conductivity  of  the  ground,  is  taken  as  the  sum  of  antenna  feed  impedance  as¬ 
suming  ideal  ground  conductivity  and  of  a  small  accessory  impedance  taking  into 
account  its  finite  conductivity.  This  latter  is  expressed  as  the  ratio  of  induced 
emf  as  a  result  of  the  finite  conductivity  to  the  current  in  the  antenna  founda¬ 
tion.  In  agreement  with  the  Lorenz  lemma,  the  induced  emf  is  determined  as  the 
integral  of  the  current  distribution  function  for  an  ideally  conducting  ground, 
integrated  across  the  whole  ground  surface  (with  the  ideally  conductive  ground 
normalized  for  a  current  in  the  antenna  base),  and  multiplied  by  the  tangential 
value  of  the  electrical  field  at  the  ground  surface  arising  with  its  finite 
conductivity .  The  tangential  field  value  at  the  ground  surface  is  found  by  means 
of  multiplying  the  current  in  the  ground  (assuming  that  its  conductivity  is  ideal) 
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by  the  surface  impedance  of  the  actual  ground  surface.  Beyond  the  limits  of  the 
grounding,  this  latter  may  be  determined  only  by  means  of  soil  parameters  accord¬ 
ing  to  skin-effect  formulas,  and  within  the  grounding  limits,  as  the  parallel 
joining  of  the  actual  ground  impedance  and  the  metallic  wire  mesh. 

It  is  necessary  to  note  that  the  accessory  and  antenna  impedance,  calculated 
according  to  the  Wait  method,  turns  out  to  be  finite  as  a  result  of  the  finite 
ground  conductivity,  and  this  makes  this  method  quite  convenient  for  practical 
applications . 

In  a  series  of  works  concerned  with  the  design  of  grounding  systems,  only 
the  loss  components  depending  on  frequency  have  been  taken  into  account.  At  the 
same  time,  calculations  have  demonstrated  that  losses  in  the  grounding  zone  with 
a  large  number  of  conducting  wires  increase,  as  a  rule,  with  increases  in  soil  con¬ 
ductivity  and  decrease  with  decreases  in  soil  conductivity.  From  this,  it  has 
been  concluded  that  it  is  advisable  to  set  up  antennas  in  a  place  where  soil  con¬ 
ductivity  in  the  grounding  zone  is  small ,  and  beyond  the  limits  of  this  zone,  where  it 

is  great  [5].  However,  the  use  of  the  expressions  for  ground  surface  impedance 

is  justified  only  in  the  case  when  the  antenna  and  grounding  dimensions  are  great 

in  comparison  to  the  wavelength  in  the  soil.  In  calculations  for  antennas  working 

in  a  range  of  very  low  frequencies,  however,  where  the  distances  between  the 
grounding  conducting  wires  are,  as  a  rule,  less  than  the  wavelengths  in  the  soil, 
it  is  necessary  to  take  into  account,  in  addition,  the  supplementary  resistance 
to  ground  losses,  which  does  not  depend  on  frequency  and  has  the  character  of  re¬ 
sistance  in  the  grounding  electrode  wires  for  a  direct  current  grounding  electrode 
[12,  14,  17].  3ecause  this  resistance  is  inversely  proportional  to  soil  conduc¬ 
tivity,  an  antenna  site  with  high  soil  conductivity  both  in  the  grounding  zone  as 
well  as  beyond  its  limits  must  be  selected. 

In  those  cases,  when  for  any  of  a  number  of  reasons,  soil  conductivity  in 
the  grounding  zone  is  small,  it  is  necessary  to  select  a  number  of  grounding  con¬ 
ducting  wires,  such  that  the  specific  gravity  of  the  supplementary  ground  losses, 
caused  by  the  grounding  wire  structure,  is  sufficiently  small,  and  such  that  the 
influence  of  conductivity  variations  in  the  upper  soil  level  under  varying  mete¬ 
orological  conditions  would  have  no  influence  on  antenna  parameters. 
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On  the  basis  of  what  has  been  explained  above,  it  is  possible  to  derive 
the  following  relatively  simple  expressions  for  calculating  the  resistance  to 
ground  losses  in  L?  and  VL?  antennas  vita  greatly  developed  horizontal  parts: 


For  the  case  xjher.  b«.L,  the  formula  is  simplified,  and  the  following  form  is 
arrived  at: 


wr.ere: 


n 

r3 

a 

b 


antenna  operational  height,  m; 
grounding  radius,  m; 

number  of  conductors  in  the  radial  grounding; 
radius  of  grounding  conductor  cross  sectional  area,  m; 
soil  conductance.  S/m; 
wavelength,  m; 

ratio  of  reactive  impedance  of  the  wire  grid  to  active  impedance 
of  the  ground  surface. 


Because  the  depth  of  current  penetration  into  the  ground,  in  accordance 
with  skin-effect  theory,  is  several  tens  of  meters  for  VLF  waves,  in  calculating 
the  first  member  in  expressions  (29)  and  (30),  the  value  of  o  may  be  taken  to  be 
independent  of  meteorological  factors.  The  second  component  of  the  losses  does 
not  depend  on  frequency  and  is  determined  by  the  value  of  a  at  depths  equal  ap¬ 
proximately  to  the  distance  between  the  grounding  conductors.  For  this  reason, 
it  is  advisable,  when  this  is  being  computed,  to  take  the  smallest  value  of  o 
for  a  given  locale  for  frozen  soil  or  dry  weather. 


Calculating  the  Antenna  Efficiency  Coefficient 


As  Hansen  and  3eckerley  demonstrated  [13],  the  radiation  resistance  of  an 


3.n c£  o z 
This  is 


located  or.  semicon due  t  ir.g  soil  is  always  lass  then  the  radiation  resist- 
on  antenna  located  on  an  ideally  conducting,  unbounded  flat  surface, 
determined  by  the  following  expression  [14]: 


I  < 
I 


-  I 


R  is  the  antenna  radiation  resistance  determined  according  to  the  RuJenberg  for- 
nula;  3=60 -aC,  the  imaginary  component  of  the  soil  dielectric  permittivity  constant, 
which  is  assumed  to  be  much  greater  than  the  material  component. 


The  antenna  efficiency  coefficient,  from  the  point  of  view  of  the  field 
voltage  of  the  ground  wave  created  by  it  is: 


where  F.n  is  the  antenna  ground  loss 


resistance  in  its  adjustment  elements  as  well. 


With  a  grounding  system  that  has  been  well  constructed,  the  value  of  n  can 
be  larger  than  unity;  this  has  been  observed  several  times  in  measurements  done 
on  actual  antenna  equipment.  This  kind  of  result  is  not  absurd,  insofar  as  the 
value  of  n  in  this  determination  is  the  coefficient  of  antenna  gain. 


Special  Features  in  Calculations  for  Multi-Element  Antennas 


If  an  antenna  system,  is  composed  of  several,  for  instance,  p  elements,  then 
in  calculations  for  the  whole  system  it  is  necessary  to  begin  with  the  overall 
surface  area  of  the  horizontal  curtains  3nd  to  use  expression  (9).  The  capaci¬ 
tance  of  one  element  is  a  simple  division  of  available  capacitance  by  ?.  In  this 
way,  the  reciprocal  and  mutual  influences  between  the  antenr.3  system  elements 
will  be  accounted  for  in  computing  the  reactive  component  of  its  feed  impedance. 

The  radiation  resistance  of  each  element  is  computed  according  to  the  Ruder.berg 
formula  with  the  addition  of  all  impedances  from  the  other  elements  to  be  inserted. 
The  inserted  impedance  from  one  element  for  the  case  when  the  distance  between 
elements  is  d<0.25X,  is  determined  according  to  the  following  simple  formula: 


I  -'01 
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'  s  the  radiaticr.  resistance  of  one  element  ccmcutad  according  to 


::.e  xncer.o- 


If  the  overall  surface  area  of  the  grounding  system  is  equal  to  S,  then 
with  a  number  of  radial  grounding  electrodes  p,  each  of  which  consists  of  n  con¬ 
ducting  wires,  the  loss  resistance  with  respect  to  the  overall  current  in  all 
the  downleads  in  the  antenna  system  is  calculated  according  to  the  following  for¬ 
mulas: 
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is  accented  tnac: 


i  t 


p  )  r 


Ir.  conclusion,  it  should  be  stressed  that  the  grounded  masts  with  guy-wires 
must  also  have  radial  groundings  with  a  relatively  small  number  of  conducting 
wires,  and  they  must  be  connected  with  the  overall  antenna  grounding  system. 
Losses  in  these  groundings  can  be  calculated  according  to  the  same  formulas,  if 
h  is  taken  equal  to  1  in  expression  (IS),  and  the  current  in  the  mast  founda- 
ticn  is  calculated  according  to  formula  (16). 
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R.  3.  Vaganov,  3.  3.  Eatsenelenhaum 


In  ends  article,  new  kinds  of  transmission  lines  for  mill imetric  and  sub- 
sill  cmetric  waves  are  examined  —  quasi-optical  reflecting  be  as  waveguide  lines 
and  reflecting  bean  waveguide  lines  with  lenses. 


In  the  range  of  decimetric 
waveguide  lines  use,  for  the  no 


H-r.  In  the  rr.il  line  trie  range, 
is  very  small,  and  for  this  rens 
At  \=1  men,  it  is  extraordinarily 
waveguide.  Attenuation  in  this 


and  centimetric  waves,  the  most  universally  used 
st  part,  rectangular  waveguides  with  a  wave  of 
the  cross  section  of  a  common  single-w3ve  waveguide 
on,  losses  in  its  side  walls  increase  greatly. 

difficult  to  make  a  single-wave,  rectangular 
kind  of  waveguide  is  about  10  c3/m. 


There  are  two  basic  ways  for  creating  effective  mil lime trie  carriers.  It  is 
possible  tc  apply  broad  fir.  comparison  with  a),  that  is,  multi-wave  waveguides 
manufactured  with  great  care,  in  order  that  the  unavoidable  transformation  pro¬ 
cesses  cf  the  principal  wave  into  higher  order  waves  will  be  sufficiently  small  in 
then;  or  it  is  possible  to  create  quasi-optical  reflecting  beam  lines  or  reflecting 
bean  lines  employing  lenses,  consisting  of  3  series  of  equidistant  lenses  or 
curved  mirrors  that  conduct  the  wave  bundle.  The  development  of  these  kinds  of 
lines  began  about  five  or  six  years  ago  ([1],  [2],  see  also  the  overview  in  [3]). 


In  describing  ailiimetric  wave  propagation  in  reflacting  beam  mirror  or  lens 

lines,  it  is  convenient  to  use  the  notion  of  an  elementary  bundle.  ''Elementary 

bundle"  is  the  name  for  a  propagating  electromagnetic  wave  occupying  a  region  of 

space  with  an  approximately  cylindrical  shape.  The  field  of  the  bundle  has  a 

finite  value  at  r<r  ,  where  r  is  the  cvlindrical  coordinate,  and  r  is  the  bundle 
s  s 

parameter,  falling  away  exponentially  at  r>rg.  each  bundle  is  characterized  by 
a  parameter  r„  and  two  pole  numbers  indicating  the  dependency  of  the  field  voltage 
on  the  azimuth  angle  3  and  on  the  radius  r.  More  precisely  stated,  the  field 
voltage  or.  the  middle  plane  is: 


u  .. .  >r.  '-'i 


and  the  surface  of  equivalent  phases  is  flat, 
polynomial . 


Here,  L'"  is  a  so-called  i.aguerre 

q 
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.■or  a 


\orr._a_ , 


time  bundle 


wid 


index  c 
that  is 


of  the  L’  poly- 

q  r  3 

the  value  of 


the  ratio  r/’r  at  which  the  effective  exoonential  field  decrease  in  a  radial 
s 

direction. 


The  field  distribution  along  the  bundle  axis  (along  the  z  axis)  is  determined 
by  the  Maxwell  equations.  According  to  the  distance  from  the  plane, z=const .  ,  for 
which,  expression  (1)  applies,  the  parameter  ro  increases  (that  is,  the  bundle  ex¬ 
pands)  and  at  the  same  time,  the  surface  of  equivalent  phases  becomes  curved. 

At  the  same  time,  it  takes  on  the  form  of  a  spherical  section,  whose  center  of 
curvature  lies  to  the  ieft  of  the  central  plane  (Fig.  1).  To  the  left  of  this 
plane,  the  surface  of  equivalent  phases  has  the  form  of  a  concave  sphere.  All 
of  Fig.  1  is  symmetrical  with  respect  to  the  central  plane.  The  field  amplitude 
at  r=Q  is  shown  by  the  broken  line. 


Fig. 


An  elementary  bundle  with  indices  m=0,  q=0. 


In  this  way,  3  bundle  is  a  quite  complex  wave:  that  is,  it  converges  to 
the  left  of  the  central  plane,  and  diverges  to  the  right  of  it,  with  respect  to 
the  field  which  is  nonhomogeneous  across  a  cross  section.  It  is  possible 
to  imagine  it  as  an  aggregate  of  flat  waves  propagated  in  different  directions, 
with  these  directions  forming  a  small  cone  around  the  z-axis.  A  variation  in  the 
field  structure  of  the  bundle  with  the  propagation  of  the  bundle  along  the  axis 
represents  a  typically  dif fractional  effect,  that  is,  an  effect  connected  with 


i*'c*  i' in J.U or 


r.gth.  It  is  this  diffraction  that  changes  the  radius 


cf  curvature  of  the  bundle  front,  while  in  any  arbitrary  cross  section,  the  size 
of  the  bundle  remains  finite,  that  is,  the  bundle  is  not  contracted  to  a  point. 

This  site  dimension  rg  is  proportional  to  »'  '  ,  whici  is  typical  for  a  series 
of  diffraction  phenomena,  for  instance,  for  the  passage  of  a  wave  through  the 
focus  of  an  optical  system.  The  analogy  between  this  phenomenon  and  the  nature 
of  the  bundle  field  near  the  central  plane  is  quite  far-reachir.g . 

Bundles  cannot  exist  by  themselves:  depending  on  the  distance  from  the  central 
plane,  they  become  more  and  more  dilated.  In  order  to  transform  a  diverging  bundle 
into  a  converging  one,  lenses,  mirrors,  or  systems  of  mirrors  are  used,  and  a 
series  of  these  represents  a  cuasi-cptical  line.  If  the  surface  of  equivalent 
phases  before  it  reaches  a  lens  or  mirror  is  convex,  after  the  passage  of  the 
bundle  through  the  lens  or  after  it  is  reflected  from  a  mirror,  it  becomes  con¬ 
cave,  and  the  amplitude  field  distribution  in  the  plane  perpendicular  to  the  direc¬ 
tion  cf  bundle  propagation  does  not  change.  The  bundle  is  propagated  further  by 
means  of  the  method  described  here. 

Phase  correction  by  successive  lenses  and  mirrors  completely  regenerates  the 
bundle.  It  becomes  identical  to  the  bundle  as  it  passed  through  the  preceding 
phase  correction.  In  this  way,  the  system  of  phase  corrections  guides  the  bundle 
and  reiterates  it  as  it  passes  through  each  correction  phase. 


?'riase  correction  is  a  geometric  concept.  If  the  bundle  field,  as  it  ap¬ 
proaches  the  correction  phase,  is  characterized  by  a  magnitude  u(x,  y) ,  then  the 

v ) 

field  of  the  exiting  bundle  is  characterized  by  a  magnitude  u(x,  y ; e  . 

The  function  f (x,  y)  is  determined  by  the  phase  shift  of  a  ray  between  the  point 
with  coordinates  (x,  y)  as  it  enters  the  correction  and  the  point  with  the  same 
coordinates  as  it  exits  from  it.  This  kind  cf  calculation  for  phase  correction 
has  the  same  order  of  precision  as  geometrico-optical  calculations  in  paraxial 
approximations.  In  this  calculation,  it  is  sufficient  to  account  for  the  trans¬ 
formation  in  phase  distribution;  in  geometric  problems,  a  knowledge  of  the  phase 
would  be  sufficient  for  determining  Che  direction  of  the  rays  (as  normal  to  the 
surfaces  of  equivalent  phases),  and  it  would  not  be  necessary  to  account  for  wave 
refraction  at  the  boundaries  in  an  explicit  form. 
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The  no r  ion  of  bundles  with  principally  dif fractional  natures  is  used  in 
quasi— optics  to  describe  wave  propagation  in  a  free  space.  In  this  way,  in  order 
to  represent  the  essence  of  processes  in  quasi-optical  lines,  it  is  necessary 
to  cake  up  both  geometrico-opticai  (phase  correction),  as  vel_  as  diff ractionai 
(wave  bundle)  concepts. 

The  processes  of  propagating  electromagnetic.  waves  in  quasi-optical  lines 
nay  be  viewed  from  another  side  as  well.  We  shall  describe  a  bundle  in  general 
as  the  natural  wave  of  a  system  of  identical,  equidistant  phase  correctors.  The 
field  distribution  of  a  natural  wave  across  a  cross  sectional  area  is  repeated 
with  a  precision  to  within  a  constant  (complex)  factor  after  it  passes  through 
the  interval  between  lenses  and  passes  through  a  lens.  The  constant  factor  deter¬ 
mines  the  phase  shift  of  the  natural  wave  and  its  amplitude  decrease.  Field  dis¬ 
tribution  after  each  lens  is  reiterated  with  a  precision  to  within  the  phase 
shift,  not  dependent  on  the  coordinates  in  the  plane  of  the  cross  section.  The 
elementary  bundles  described  above  are  natural  waves  in  a  line  composed  of  an 
infinite  number  of  quadratic  correctors,  tnat  is,  correctors  whose  phase  shift  o 
is  proportional  to  the  square  of  the  radius  r^.  The  module  of  the  complex  factor 
in  this  case  is  equal  to  unity.  3undles  with  different  indices  (q,  m)  are  propa¬ 
gated  in  a  quasi-optical  line  with  an  infinite  number  of  correctors  independent 
of  each  other.  The  energy  flux  in  any  wave  entering  into  the  line  is  equal  to 
the  sum  of  energy  fluxes  of  the  natural  waves.  The  variable  r _  in  expression  (1) 
is  proportional  to  the  square  root  of  the  product  of  the  distance  L  between  cor¬ 
rectors  and  the  wavelength  X. 


Natural  waves  (repeating  bundles)  also  exist  in  systems  with  finite  numbers  /. 
of  correctors,  that  is,  with  correctors  in  absorption  screens  (Fig.  2).  If  the 
correctors  are  quadratic,  the  fields  of  the  natural  waves  are  similar  to  elementary 
bundles,  with  the  exception  however,  that  their  energies  decrease  with  propaga¬ 
tion.  This  is  connected  with  the  fact  that  a  portion  of  the  energy  exiting  from 
a  given  lens  does  not  in  general  reach  a  subsequent  lens;  this  leads  to  the  occur¬ 
rence  of  radiational  (they  are  sometimes  called  "dif fractional")  losses.  For  main¬ 
taining  repeating  bundles  in  these  kinds  of  systems,  in  addition  to  phase  correc¬ 
tors  that  adjust  phase  distribution  according  to  the  bundle  cross  section  within 
the  aperture  limits,  an  important  role  is  also  played  by  absorption  screens.  These 
latter  remo\-'>  that  portion  of  a  bundle  which  does  not  correspond  to  the  field  as 
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Fig.  2.  .Natural  v.r.e  in  a  system  of  lenses  in  absorption  screens, 
it  exits  frctt  a  preceding  correction  phase. 

For  illustration's  sake,  field  amplitude  distributions  ir.  a  quasi-optical 
line  composed  of  restricted  quadratic  correctors  are  shown  in  Fig.  2.  The  vari- 
able  c— j— ,  characterizing  the  radiational  losses  in  the  line,  has  been  taken 
equal  to  2 tt -  This  variable  is  a  magnitude  proportional  to  the  square  of  the 
ratio  of  the  lens  radius  a  to  the  effective  radius  rg  of  the  bundle  incident  on 
the  lens,  which  is  proportional  to  vTl.  The  larger  value  of  this  ratio, 
that  is,  the  greater  field  concentrated  near  the  axis,  the  fewer  will  be  radia¬ 
tional  losses.  In  the  case  under  consideration  here,  the  ratio  ~  is  equal  to 

s 

2.5,  thus  the  losses  are  very  small,  and  the  field  amplitudes  with  output  from 
two  neighboring  lenses  differ  cnly  slightly  from  each  other.  The  field  aperture 
distributions  are  reiterated:  the  portion  of  the  bundle  field  at  r>a  is  absorbed 
by  the  screen.  The  broken  line  shows  the  field  amplitude  at  r=Q.  From  a  com¬ 
parison  of  Fig.  1  and  Fig.  2,  it  follows  that  with  the  existence  of  losses,  the 
bundle  i3  narrowest  not  midway  between  correction  phases,  but  nearer  the  preced¬ 
ing  correction  phase. 

A  mathematical  apparatus  of  integral  equations  is  used  for  calculating  radi¬ 
ational  losses  of  a  natural  wave  in  systems  with  restricted  correctors.  The  field 
for  the  output  from  one  corrector  is  taken  as  an  unknown  function.  According  to 


it,  the  input  field  ins  j  a  suosequent  correction  phase  may  be  determined  from  an 
approximative  solution  (according  to  the  Huygens  principle)  of  a  Maxwell  equation. 
The  field  as  it  exits  from  this  latter  corrector  may  be  determined  by  multiplying 
by  .  It  should  differ  from  the  output  field  from  the  first  corrector  by 

only  the  constant  factor.  This  leads  to  a  homogeneous  Fredholm  integral  equation 
of  the  second  kind,  which  may  be  written  in  the  following  manner  for  the  desired 


field: 


/  l!(  e  J  UiX,  wtA'f.r.  y.  1  rt)JxJy, 


If  .-i  -  .’OtS . 


rhe  value  •/.  is  an  eigenvalue  for  this  equation. 


is  equal  to  the  change 


in  field  as  the  bundle  moves  from  corrector  to  corrector.  Radiaticnal  losses 
are  ! —  /.  i.  The  bundle  phase  shift  is  determined  by  the  argument  of  the  eigen¬ 
value  x,  and  the  field  distribution  within  the  aperture  limits  is  determined  by 
the  equation  eigenfunction. 

Depending  on  the  type  of  phase  correction  : (x,  y) ,  the  form  of  the  bundle 
(natural  -wave)  also  changes,  as  well  as  its  radiaticnal  losses.  There  are  many 
systems  which  may  carry  a  wave  with  small  radiational  losses.  Up  to  the  present 
time,  however,  with  no  solutions  for  equation  (2),  it  is  impossible  to  determine 
whether  or  not  a  given  system,  specifying  an  aperture  S  and  with  a  magnitude  L 
and  function  ?,  will  assure  small  losses.  In  particular,  all  systems  of  quadratic 
correctors,  whose  focal  lengths  fall  within  the  limits  L/^f<x,  will  carry  a  wave 
with  allowable  radiaticnal  losses.  The  dependency  between  these  losses  and  the 
value  v=L/2f  for  some  values  cf  the  variable  c  is  shown  in  Fig.  3.  It  is  apparent 
that  the  fewest  losses  occur  in  a  system  with  confocal  correctors  (v=l).  The 
curves  are  symmetrical  with  respect  to  the  straight  line  v=l. 

A  common,  thin  dielectric  lens  is  a  phase  corrector.  In  paraxial  approxima¬ 
tion,  it  carries  out  a  quadratic  correction,  while  the  spherical,  convex  surface 
of  the  equivalent  bundle  phases  is  transformed  into  a  conca%re  spherical  surface. 
The  new  radius  of  curvature  is  determined  according  to  the  "lens  rule,"  well  known 
in  optical  geometry. 

For  the  calculation  of  lens  systems  in  optical  geometry,  concepts  of  "point 
source"  and  "point  image"  are  used.  Each  point  in  space  for  objects,  according 


Tig.  3.  Radiational  losses  in  a 
system  of  quadratic  lenses. 


to  simple  notions  of  Gaussian  optics,  corresponds  to  a  point  in  space  for  images. 
Real  optical  systems,  systems  possessing  abberratior.s,  are  not  included  in  these 
mechanisms,  and  this  leads  to  image  distortions.  Systems  with  thin,  quadratic 
lenses  are  closest  of  ail  to  ideal  systems  without  abberratior.s . 

In  quasi-optics,  there  are  no  geometrical  requirements  disallowing  abfcerra- 
tions,  at  least  in  regular  systems  (equidistant,  identical,  coaxial  correctors). 

In  other  words,  it  is  not  at  all  obligatory  that  a  corrector  transform  a  spherical 
front  of  an  incident  bundle  into  a  spherical  front  of  a  bundle  exiting  from  the 
corrector.  Also  possible,  for  example,  are  nonquadratic  corrections,  lenses  may 
have  the  form  of  bodies  of  rotation,  whose  formative  parts  are  straight  line  sec¬ 
tions  (that  is,  a  corrector  as  a  circular  cone)  or  a  broken  polygonal  line  (for 
example,  a  corrector  as  a  truncated  cone). 

The  natural  waves  in  a  system  consisting  of  nonquadratic  lenses  represent 
significantly  more  complex  wave  bundles  than  the  elementary  bundle  described  above. 
By  way  of  example,  shown  in  tig.  4  is  the  amplitude  distribution  of  the  field  of 
a  natural  wave  with  the  smallest  indices  and  having  minimal  radiational  losses 
in  a  quasi-optical  system  which  is  a  series  of  absorbing  diaphragms  (v=0) .  It 
nay  be  seen  from  the  figure  that  this  wave  is  a  wave  bundle  that  is  repeated  at 
every  subsequent  aperture,  while  the  bundle  amplitude  decreases. 

In  the  lenses,  which  arc  small  dielectric  wafers  of  variable  thickness,  the 
phase  correction  is  carried  out  as  a  result  of  differences  in  the  optical  paths 
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of  C. .1 3  rays  y ass z. r» ^  tiirou various  poin-s  an  ti  i a  ^ a n s  .  .% n a n  tiiicrs:  a s  a  sud- 
star.tiai  lack  of  Icns-correctors ,  the  energy  of  the  bundle  is  reflected  off  the 
surfaces  ar.c  absorbed  in  the  dielectric  material. 

The  reflection  factor  is  removed  either  by  means  of  the  application  of  an 
anti-reflecting  coating  [2],  or  by  means  of  creating  special  lenses  [4]  of  such 
a  shape  that  if  they  are  turned  toward  the  axis  of  the  bundle  at  the  Bruster 
angle,  the  phase  correction  introduced  by  them  is  equal  to  the  correction  induced 
by  normal  spherical  lenses,  and  reflection  from  the  surfaces  is  removed.  The 
output  signal  from  a  confocal  line  is  shewn  in  Fig.  5  (lens  radius  8.4  cm,  wave¬ 
length  S  mm,  distance  between  lenses  175  cm),  substituting  a  straight  spherical 
lens  made  of  plexiglass  (refractive  index  n=1.6,  focal  distance  S2.5  cm),  with 
a  Bruster  lens  inclined  toward  the  system  axis  at  various  angles.  If  the  incline 
angle  is  close  to  :i~=arc  tg‘n,  then  with  this  kind  of  substitution,  a  substantial 
increase  in  signal  due  to  reduction  of  lens  surface  reflection  is  observed. 


It  is  not  possible  to  do  away  with  dielectric  absorption;  in  addition,  with 
a  decrease  in  wavelength,  the  tangent  of  the  less  angle  in  existing  dielectrics 
increases.  In  connection  with  this,  at  present  the  use  cf  focusing,  reflecting 
mirrors,  suggested  in  the  cited  works  [5,  6],  seems  to  be  promising.  Phase  cor¬ 
rection  occurs  as  a  result  of  the  fact  that  rays  reflected  from  various  points 
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escribe  different  patb.s.  Mirrors,  in  distinction  r.c  lenses,  do 
ielectric  losses.  The  losses  t-csed  by  the  finite  conductivity  of 
— o o np .'i jt i s o n  t.z-  r  ~  s  • 

♦  ■  ’  : ) 


Fig.  5.  Substituting  a  spherical 
lens  by  means  of  a  nonreflecting 
lens  (experimental). 

Key :  (1)  d3;  (2)  a/  5  rad 


Despite  the  fact  that  a  mirror  real izes  a  phase  correction  of  the  bundle 
in  the  plane  noc  perpendicular  tc  the  bundle,  nevertheless  it  is  possible  to  con¬ 
struct  mirrors  which  will  carry  bundles  in  a  symmetrical  fashion  with  respect  to 
the  axis.  They  must  have  the  shape  of  a  surface  section  of  an  ellipsoid  bedy  of 
rotation.  A  bundle  in  a  system,  of  mir ror-eil ipsoids  is  the  same  as  in  a  system 
of  quadratic  lenses.  However,  simpler  forms  of  mirrors  (spherical  sections)  are 
also  quite  acceptable;  these  possess  astigmatism  in  the  optical  geometrical  sense. 
These  kinds  of  correctors  will  conduct  bundles  of  a  somewhat  more  complex  type 
than  those  pictured  in  Fig.  1.  In  the  cross  section  of  a  bundle  in  a  line  with 
equivalent  amplitudes,  the  shape  will  not  be  in  the  form  of  a  circle  but  in  the 
form  of  ellipses.  The  formation  of  a  bundle  is  determined  by  the  ratio  between 
the  radius  of  curvature  of  the  mirror  surface  and  the  distance  between  mirrors. 

In  particular,  it  is  possible  to  construct  a  quasi-optical  line,  in  which  the  am¬ 
plitude  distribution  of  the  bundle  field  near  the  mirrors  is  symmetrical  with 
respect  to  the  axis  [7]. 


A  quasi-optical  mirror  line  will  be  more  compact  if  the  mirrors  are  joined 
together  in  pairs  (a  periscope  system.  Fig.  5).  If  the  distance  L  between  mir¬ 
rors  in  pairs  is  very  much  smaller  than  the  radius  of  the  mirror  o,  the  phase 
correction  of  the  double  mirror  system  will  be  equal  to  the  sun  of  corrections 
for  the  component  mirrors. 
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.g.  6.  A  periscope  system  consisting  of 
spherical  mirrors. 


For  an  energy  evaluation  of  the  line,  it  is  necessary  to  determine  the  radi- 
aticr.al  losses,  losses  in  the  lens  material  or  ohmic  losses  with  reflection  off 
of  the  mirrors,  losses  at  the  transmitting  and  receiving  ends  of  the  lines  (the 
mora  substantial  in  general  the  balance  of  losses,  the  shorter  is  the  line),  and 
the  losses  in  transformation  of  the  wave  types.  Transformation  takes  place  as  a 
result  of  imprecisions  in  manufacture  and  justifying,  as  well  as  as  a  result  of 
variations  over  time  in  the  pcsitionir.gs  of  the  lenses  or  mirrors. 

In  calculations  for  a  line,  it  is  necessary  above  all  to  sample  the  variable 
c  which  determines  the  radiationai  losses  of  the  natural  waves.  It  should  not 
be  small,  in  order  that  the  losses  in  the  principal  wave  are  not  great,  and  it 
must  net  be  especially  large,  in  order  that  the  line's  self-f iltration  mechanism 
not  be  too  small;  self-filtration  is  the  eradication  of  higher  order  waves,  aris¬ 
ing  as  a  result  of  excitations  due  to  irregularities,  from  out  of  the  line.  In 
accordance  with  this,  a  value  for  the  variable  c  is  chosen  between  1.6  n and  2  tt 
for  lines  consisting  of  quadratic  correctors. 

Kith  correctors  of  these  sizes,  radiationai  losses  in  the  principal  wave 
are  an  insignificant  fraction  of  the  overall  losses.  Losses  due  to  excitation 
cannot  be  reduced  appreciably  beyond  1  d3.  Losses  to  the  correctors  due  to  di¬ 
electric  absorption  and  reflection  off  the  surfaces  are  approximately  0.C5  d3  in 
matched  lenses  and  C.15  dB  in  unmatched  lenses  [2,  8].  Losses  due  to  reflection 
off  of  aluminum  mirrors  amount  to  about  0.015  dB  in  a  mirror  line  if  the  electric 
field  vector  in  the  bundle  is  perpendicular  to  the  incidence  plane,  and  about 
0.02  dB  if  this  vector  lies  in  the  incidence  plane  [9].  Transformation  losses 
in  a  long  line  are,  of  course,  most  substantial,  if  line  losses  due  to  dielectric 
absorption  or  metal  absorption  are  quite  small. 


Truns  f  o rmat  i : n  losses  must  be  analyzed  according  c  a  the  f  .  1  laving  system: 
or.e  of  Che  undisturbed  natural  wives  ir.  a  system  cons  is  tins  of  ideal  correctors 
is  incident  an  a  deformed  or  displaced  phase  corrector.  Displac-an'.ent  or  deforma¬ 
tion  in  the  corrector  disturbs  the  field  phase  front  coming  after  it.  A  disturbed 
field  can  be  expanded  into  a  series  of  undisturbed  natural  waves,  with  the  expan¬ 
sion  coefficients  as  coefficients  of  connection  between  the  waves  and  conditioned 
by  the  deformations  or  displacements  in  che  correctors.  As  calculations  have 
shown  [10],  for  a  lens  line,  lens  displacement  in  the  plane  perpendicular  to  the 
axis  has  the  greatest  significance.  For  a  mirror  line,  in  addition,  it  is  rota¬ 
tions  in  the  mirrors  that  are  dangerous.  As  demands  or.  precision  cf  aperture 
placement  of  the  mirrors  are  very  high,  it  is  best  to  use  periscope  lines  (Fig. 
61,  in  which  each  corrector  consists  of  two  mirrors  cleselv  jo ir.ed  together. 


If  attenuation  of  a  higher  order  wave  arising  as  a  result  of  irregularities 
is  great  in  comparison  with  the  degree  of  its  excitation,  a  statistical  analysis 
yields  simple  formulas  for  the  mean  additional  Losses  in  the  principal  wave  at 
tne  correct  --r  caused  by  lens  displacement : 
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with,  the  rotation  cf 
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or  with  the  rotation 
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ndividual  mirrors, 


f  periscope  mirrors: 
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In  formulas  (3-5),  62  is  the  mean  square  lens  displacement  in  the  plane  per¬ 
pendicular  to  the  axis,  and  is  the  mean  square  rotation  of  the  mirrors  (in  radi¬ 
ans).  In  accordance  with  these  formulas,  for  instance  for  a  confocal  lens  line 
with  parameters  L=30  cm  and  X=i  mm,  additional  losses  or,  the  corrector  are  0.1  dB 
with  a  mean  squared  lens  displacement  of  *5^=0. 7  mm.  In  a  mirror  line  with  the 
same  parameters,  losses  with  a  mean  square  deflection  in  a  single  mirror  at  an 
angle  of  are  also  0.1  d3  on  the  mirror.  In  a  periscope  mirror  line, 

where  the  distance  between  the  centers  of  the  double  mirrors  is  L=3  cm,  the  same 
losses  will  occur  with  an  angle  of  incline  in  the  double  mirror  system  of  v<j2=7fc'. 
By  way  of  illustration  of  the  gain  derived  from  substituting  a  single  mirror  by  a 
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F i 2 .  Auxiliary  losses  in  a  line 

(1-  •  5  cm,  1-1  j  cm,  '-=1,  1=8  mm) 

for  the  rotation  of  a  single  mirror 
and  a  double  mirror  system. 


"ram.  expression  (3),  it  follows  chat,  ail  other  conditions  being  equal, 
losses  due  to  transformation  in  a  lens  line  are  smaller  as  the  lens  focal  dis¬ 
tance  f  is  greater.  However,  with  increases  in  f  (at  given  L  and  a),  radiational 
losses  in  comparison  with  losses  in  a  ccnfocal  syst^bi  increase.  For  this  reason, 
it  is  of  great  interest  to  find  a  value  for  f  which  will  give  the  least  number 
of  overall  losses  (radiational  losses  plus  transformation  losses)  at  fixed  a,  L 
with  mean  square  displacement  values  /fT.  The  relationship  between  the  optimal 
value  for  the  variable  ~L/2f  and  the  mean  square  lens  displacement  at  various 
values  of  c  is  given.  At  5=0,  as  may  be  expected,  an  optimum  is  achieved  in  a 
ccnfocal  system,  that  is,  at  f=L/2.  In  Fig.  9,  overall  losses  in  the  principal 
wave  in  ccnfocal  lines  and  in  lines  with  optimal  variables  are  cited. 


If  the  system  seif-filtration  is  small,  or  in  other  words,  the  lens  width 
is  great  in  comparison  with  the  bundle  width,  then  an  investigation  of  deformation 
and  displacement  influences  based  on  optical  geometric  analogies  between  a  bundle 
and  a  ray  are  more  effective.  The  movement  of  the  center  of  the  bundle  in  a  line 
with  displacec  lenses  obeys  laws  of  paraxial  optics.  Under  these  conditions 
(c^>2t),  lens  displacement  merely  causes  a  shift  in  the  bundle  as  a  whole  with  res¬ 
pect  to  the  axis,  and  losses  arise  as  a  result  of  this  only  in  the  case  when  the 
bundle  approaches  near  the  edge  of  the  lens  or  goes  beyond  it.  At  the  same  time. 
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r:.j.  :• .  Relationship  between  optimal  Fig.  9.  Overall  losses  in  the  principal 
value  of  .  and  mean  square  lens  dis-  wave: 

Dlacemer.t. 

-  ccnrocal  system; 

-  system  of  optimal  phase 

correctors . 


it  is  possible  to  calculate  the  probability  of  projecting  the  bundle  beyond  the 
boundary  of  the  line.  This  probability  increases  proportionally  to  the  square 
root  of  the  line.  It  will  be  the  greatest  when  the  focal  length  of  the  lenses 
is  the  smallest.  For  example,  in  a  line  consisting  of  63  lenses  with  3  mean 
square  lens  displacement  equal  to  0.7  mm,  the  possibility  of  projecting  the  bundle 
beyond  the  limits  of  a  circle  with  a  radius  of  20  mm  is  equal  to  G.01. 


A  more  complete  analysis,  one  that  would  make  it  possible  to  establish  the 
probabilities  for  certain  kinds  of  fixed  losses  in  a  given  line,  can  be  carried 
out  by  means  of  machine  simulation  of  the  process  of  bundle  propagation  in  an 
ensemble  line  with  an  arbitrary  displacement  distribution. 

Experiments  on  the  transmission  of  mil lim.etr ic  and  shorter  waves,  up  to  light 
waves,  in  open  quasi-optical  lines  have  only  begun  and  are  being  carried  out  in 
several  countries.  In  the  theoretical  aspect  as  well,  there  are  many  unclear 
problems  that  are  being  subjected  to  study,  but  a  preliminary  examination  of 
these  problems  reveals  promise,  in  the  ideas.  It  should  be  noted  that  in  the  case 
of  lines  which  are  not  very  long  (lines  that  are  only  a  few  times  greater  than 
a^/A),  lines  made  of  ncnhomcgeneous  correctors,  which  are  possibly  simpler  to 
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THE  TESIO”  0?  Ah'TINXA  AERATE 

E.  G.  Zclkin 

One  of  the  methods  for  an  approximative  synthesis  of  equidistant  ar.d  non- 
equidistant  antenna  arrays  is  analyzed;  linear  and  planar  arrays  are  examined. 

Introduction 

Recently,  great  attention  has  been  afforded  to  problems  in  the  theory  and 
practical  applications  of  antenna  arrays.  The  importance  of  investigations  of 
these  kinds  of  antennas  is  determined  for  the  most  part  by  the  fact  that  they 
make  it  possible  to  control  the  radiation  pattern  diagram  (directional  pattern 
diagram,  directivity  diagram)  across  a  wide  range  by  means  of  varying  the  signal 
phase  of  each  array  element. 

However,  the  advantages  realized  from  applications  of  antenna  arrays  encoun¬ 
ter  substantial  obstacles  connected  with  the  fact  that  in  the  formation  of  a 
narrow  radiation  pattern  diagram,  a  large  aperture  is  required,  and  consequently, 
also  a  large  number  of  array  elements.  In  fact,  as  is  well  known,  for  generating 
a  narrow  radiation  pattern  diagram  that  scans  across  a  bread  sector,  with  a  small 

level  of  side  lobes,  it  is  necessary  to  arrange  the  elements  in  the  array  at  a 

\ 

distance  from  each  other  net  exceeding  — .  If  this  condition  is  not  fulfilled, 
with  a  beam  deflection  at  a  certain  angle,  quite  significant  side  lobes  arise 
with  secondary  peak  values  for  the  antenna  array  that  are  not  always  allowable. 
However,  this  kind  of  condition  is  practically  never  fulfilled,  so  that  at  the 
same  time,  the  required  number  of  elements  in  a  planar  array  with  a  narrow  radia¬ 
tion  pattern  diagram  reaches  several  tens  of  thousands.  The  construction  of 
these  kinds  of  antennas  becomes  a  decidedly  complex  task,  and  their  costs  are 
extraordinarily  large.  For  this  reason,  the  problem  of  developing  controllable 
radiation  pattern  diagrams  of  a  determined  shape  by  means  of  antenna  arrays  with 
a  restricted  number  of  elements  has  become  very  important.  Consequently,  the 
basic  task  in  designing  antenna  arrays  is  the  creation  of  the  required  directivity 
diagrams  with  a  minimum  number  of  elements.  The  use  of  nonequidistant  arrays, 
that  is,  arrays  with  nonuniform  placement  spans  between  the  elements  on  the  antenn 
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•:  great  number  -f  7  rssibil  icits  in  this  direction.  These  kinds 
■=  make  i;  possible  to  create  radiation  pattern  diagrams  with  a 
w  level  cf  minor  locos. 

The  number  of  works  that  have  been  published  dedicated  tc  the  study  cf  the 
various  problems  in  the  theory  of  antenna  arrays  is  quite  large.  Recently,  a 
series  of  works  has  acneared  showing  studies  carried  out  on  nonequidistant  antenna 
arrays.  In  some  of  them,  attempts  were  male  to  develop  methods  for  designing 
these  kinds  of  arrays;  however,  there  is  to  the  present  no  general  theory  for 
the  design  of  these  kinds  of  r.onecuidistant  antenna  arrays. 

The  method  for  designing  the  kinds  of  antenna  arrays  analyzed  in  the  present 
work  makes  it  possible  to  determine  relatively  easily  the  placement  of  the  antenna 
radiators,  as  well  as  the  current  magnitudes  in  the  radiators  that  will  assure 
the  generation  cf  radiation  pattern  diagrams  sufficiently  close  to  the  required 
cne . 


We  shall  examine  3 t  first  methods  for  deriving  a  determined  radiation  pattern 
diagram  by  means  of  equidistant  arrays,  and  then  we  shall  provide  a  solution  for 
the  same  problem  using  nonequidistant  arrays. 


Planar  Ancenna  Arravs 


with  a  Required  Achievable  Radiation  Pattern  Diagram 


As  is  well  known,  the  radiation  pattern  digram  of  a  system  of  discrete, 
singly  polarized  radiators,  arbitrarily  placed  in  a  plane,  is  expressed  by  the 
following  formula: 


where  ( G ,  )  is  the  radiation  pattern  diagram  of  an  n-th  radiator  (the  n-th  ele¬ 

ment)  of  an  array;  M  is  the  number  of  radiators;  is  the  distance  of  the  n-th 
radiator  up  to  ar.  arbitrarily  chosen  point  in  the  plane  X,  Y,  taken  as  the  zero 
point  for  the  coordinates  and  called  the  center  cf  the  system  (Fig.  1);  3^  is  the 
angle  between  the  direction  towards  the  aiming  point  and  tne  lines  joining  the 
center  of  the  system  with  the  center  of  the  radiator;  9 , f  are  the  coordinate 
angles  of  the  aiming  point. 
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Fig.  1.  Planar  array  of 
radiators.  Coordinate  system. 


If  the  angular  coordinate  points  of  the  placement  of  the  n-th  radiator  are 

designated  by  G ' ,  ■,/ ,  then: 

ccs cos  '-I  ccs  -h  sin  cos  ,  -  . 

In  the  case  under  consideration  here,  the  radiators  are  disposed  in  the 

same  plane  X,  Y,  and  thus  9^=—.  As  a  consequence,  if  we  take  d^  cos  ,  and 

d  sin  v'=y  ,  then: 
n  n  yn 


N  D.  I'f.  ->  e  ,',r  •<  4  "  .  <  J i 

Formula  (2)  applies  for  any  system  of  radiators,  with  an  arbitrary  shape, 
disposed  in  a  plane.  In  this  case,  if  the  array  is  constituted  of  identical  radi¬ 
ators  with  the  same  radiation  pattern  diagrams  DjO.ib),  but  differing  from  each 
other  in  current  amplitude  and  current  phase,  then: 


D-.h.  ■!VF..e!v!in,,'C0'*~ 


where  F  *E  e  are  the  complex  factors  characterizing  the  amplitude  and  phase 
of  an  n-th  radiator. 


The  functions  D(0,$)  and  D:(9,t)  are  taken  to  be  known,  and  for  that  reason, 
Che  problem  of  designing  a  planar  antenna  array  reduces  to  the  determination 
from  expression  (3)  [or  (2)]  of  the  unknown  factors  ?n  and  all  the  values  of  xn 
and  y  .  It  is  possible  that  this  problem  as  well  will  not  have  a  precise  solu¬ 
tion,  because  not  every  required  diagram  can  be  represented  in  the  form  of  formula 
(3)  [or  (2)]. 


.ci  exair.iiie  s  .ac^LUT.  pa.--*. 


jvll  d  CerruciZ-H  pJL3Tlt:  /-L' Jl’S 


At  the  sate  tine,  the  value  cf  —  (u )  =  x  cos  i|H-v  sin  i  is  also  ecuai  to  a  con- 

r.  n  '  n 


stant  magnituc 


lifficult  to  see  chat  L  (y)  is  a  projection  of  the 


distance  from  point  zero,  the  zero  point  of  the  coordinate  system,  to  the  radi¬ 
ator  center  for  a  bean  lying  in  plane  X,  Y  and  being  projected  from  the  zero  point 
at  an  angle  ij.  In  this  way,  the  radiation  pattern  diagram  in  the  plane  where 
y=jn  is  in  agreement  with  a  radiation  pattern  diagram  of  a  linear  array,  whose 
radiators  are  placed  on  the  X,  Y  plane  along  a  straight  line  i=p’  at  the  points 


D.‘"  :!W./V-\  .,,Y  e’-1"-'-,-.' 


It  follows  from  this  that  the  conditions  for  achieving  a  radiation  pattern 

diagram,  as  well  as  the  methods  for  finding  a  solution  to  the  realizable  diagrams 

in  planar  arrays  must  be  the  sane  as  for  linear  arrays,  we  transform  expression 

(3),  and  we  arrange  the  coordinate  system  in  such  a  way  that  the  abscissas  of  the 

-  ,  1 .  l . 

two  extreme  points  or  tr.e  system  are  equal  to  -  *  and  * ,  and  the  ordinates  of 

I?  ~  - 

tne  two  extreme  points  are  equal  to  and  _±  (Fig.  1,'.  At  the  same  time,  we 
shall  select  a  scale  for  the  radiating  system  in  such  a  way  that  the  raciators 
are  disposed  in  a  square  with  sides  equal  to  2-.  For  this,  we  take  f— x  =u  ,  and 

2m  ,  ....  ,  -  _  1  ‘  n 

~ — v  =v  .  In  aaditicn,  4  “  ~  — 

n  n  ’ 


D  (  3 .  V ) 
Di  (9 ,y\>) 


■  R ( z ; , z 2 ) ,  and  then: 


2  (  m  : j  ) 

The  function  R(z  ’  ,z?)=7r~ pi — ~T  is  called  the  array  factor. 

D  i  ( 9 ,  ji ; 


We  shall  fix  one  of  the  variables,  for  example  z-i,  and  take  R(zi,zi 
function  of  the  same  variable  z;: 


}  as  a 


This  expression  is  similar  to  the  expression  for  the  factor  for  a  linear 
array  of  radiators.  Fixing  zj  in  exactly  the  same  way,  we  get: 


SkU*  *  - 


Consequently,  the  function  £(2^,22)  must  belong  to  whole,  almost  periodic, 
functions  of  a  finite  degree  with  indices  cistt  and  c 2&~  corresponding  to  each  of 
the  variables  z-t  and  z^.  h’e  shall  denote  the  class  of  these  kinds  of  functions 
bv  3 ' 


If  the  array  factor  belongs  to  these  functions,  then  the  field  distribution 
across  the  array  that  precisely  reproduces  it  can  be  determined  by  using  a  double 
courier  series: 

■  1  v.  i:  j  N  N  ,■?  1  a .  1  <:  ~ 

R  {/:,  :;n  ---  V  fK  e  1 

In  fact,  changing  the  order  of  summation,  we  get: 

.  ,  V  f  V  e"  ! "  * 5  “  ■  '  V  c”  1 ”  '  1 


V  c.:,  ■ 


V  e 


Here,  is  the  periodic  delta- function,  equal  to  0  for  all  y 

-'X. 

not  equal  to  xr. -;n*0,  1,  2...).  At  the  points  y=±nn,  it  goes  to  infinity,  while 
\  ;  Consequently,  f(x,  y)»f  (•-  v  )«F  o2(0)  . 

In  this  way,  the  function  f(x,  y),  determinable  by  means  of  the  double  series 
(8),  differs  from  the  field  distribution  function  across  the  array,  which  creates 
the  determined  array  factor  R only  because  of  the  presence  of  the  factor 
i~(0).  In  what  is  to  follow,  this  factor  may  be  ignored. 

If,  however,  the  array  factor  does  not  belong  to  the  class  3 ,  then  it 

<w  1  *  ^  Z 

is  impossible  to  reproduce  precisely.  For  its  approximate  calculation,  it  is 
necessary  to  approximate  it  preliminarily  by  means  of  a  whole,  almost  periodic 
function  of  finite  degree. 


Insofar  as  the  methods  for  solving  the  problems  of  designing  a  planar  array 
are  identical  to  methods  for  solving  problems  for  linear  arrays,  we  shall  examine 
linear  rays  first  of  all. 


'■<:e  shall  rake  an  odd  number  of  radiators  h=2n-fl  and  expand  them  along  a 
straight  line  at  equal  distances  from  each  other,  equal  tc  d.  Then,  taking  r=0, 
'«e  may  write  expression  \  )  in  the  form: 


’9) 


It  is  necessarv  to  choose  the  coefficients  of  F  an 1  the  number  n  in  such 

P 

a  way  that  the  right-hand  member  of  formula  (9)  is  the  fixed  function  R(u)  with 
my  fixed  degree  of  accuracy. 


V.'e  shall  search  for  a  solution  in  the  following  form: 

r  ==- 


Utt 


Substituting  this  expression  into  formula  (5),  we  find: 


,  „  i  m  n  \ 

-  '  (2«  —  i) '  ~  -  —  i 

R ■«>  V.-L - = - -lnr:.L 


-  .  ■  •  U  ^  **X 

-r  - -  ! 

n  —  . 


(ID 


The  right-hand  member  of  the  derived  expression  contains  an  interpolated  trig 

ononetric  polynomial  with  equidistant  interpolation  nodes.  It  is  not  difficult 

2- 

to  see  that  at  the  points  u=p  -p— j-,  where  p  is  a  whole  number: 


■ .  .r.  -  .  r 


I 


^  n  n 

'•  -  •  ‘  1  —  —  - r  ) 

*.  '1  —  i  / 


1  'vh  r. 


Consequently: 


The  properties  of  the  interpolated  polynomial  (11)  have  been  studied  quite 
well  (see  [1]).  As  is  well  known,  if  R(u)  is  a  whole  function,  or  a  continuous, 
periodic  function  with  a  period  of  2-,  satisfying  the  Dir.i  test,  then  the  inter- 
polational  series  (11)  with  a  limitless  increase  in  n  will  uniformly  converge 
along  the  whole  axis  to  the  function  R(u), 
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Consequently,  if  R(u)  is  an  in;  e 2~  ai  function  or  a  continuous,  period  func¬ 
tion  satisfying  the  Jini  test,  then  it  may  be  represented  approximately  in  the 
form  of  (11);  at  the  same  time: 

-  ___  V  ;  ... 

The  degree  of  approximation  of  the  assigned  function  of  polynomial  (11)  de¬ 
pends  on  the  number  n,  that  is,  on  the  number  of  radiators.  The  larger  n,  the 
more  precisely  the  assigned  radiation  pattern  diagram  may  be  determined. 

In  this  fashion,  then,  there  are  serious  limitations  to  a  fixed  radiation 
pattern  diagram.  That  is,  it  if  is  not  an  integral  function  and  it  does  not 

satisfy  the  Dini  test,  then  with  an  increase  in  n,  the  right-hand  member  of  ex¬ 

pression  (11)  will  not  converge  to  function  R(u),and  it  is  impossible  to  derive 
a  good  approximation  of  a  derived  radiation  pattern  daigram  for  a  predetermined 
and  fixed  one.  In  this  case,  in  order  to  improve  the  approximation,  the  fixed 
diagram  should  be  approximated  beforehand,  as  this  is  demonstrated  in  [2],  with 
any  arbitrary  degree  of  accuracy  by  means  of  an  ir.tergral  function  of  the  form 

Siam 

U  (z)?,  (2)  (k<2m) ,  where  ?,  (z)  is  a  pclvncmial  of  decree  k,  U  (z)=  — - - ’> 

m  .x  rc  m  \ 

after  which  this  function  should  be  represented  approximately  in  p*  j 

the  form  of  formula  (11).  Thus,  series  (11)  will  converge  to  the  function  R(u). 

It  should  be  remarked,  however,  that  series  (11)  is  a  periodic  function  of 
the  variable  2  with  a  period  of  2 n.  For  this  reason,  lobes  equal  to  the  magni¬ 
tude  of  the  major  lobe  (so-called  secondary  peaks)  should  arise  across  determined 
intervals  in  the  variation  of  2  in  the  diagram.  If  2n>4^,  the  secondary  peak 
values  will  be  found  outside  the  area  of  actual  angles. 

Consequently,  in  order  that  the  radiation  pattern  diagram  have  only  one 
major  lobe,  the  number  of  radiating  elements  in  the  array  N’“2n-i  should  be  not 
less  than  the  number  t»  that  is,  the  distance  between  radiators  should  not  ex¬ 
ceed  the  wavelength,  but  with  beam  fluctuation,  these  minor  lobes  may  arise. 

In  this  way,  then,  we  reach  the  conclusion  that  the  distance  between  radiators 
should  be  within  the  limits  -^£d<A.  From  this,  the  number  of  radiators  in  a 
linear,  equidistant  array  should  be  of  the  order  2-^. 
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We  shall  examine  now  the  case  when  radiators  are  disposed  on  a  plane  and 
form  an  orthogonal  array.  Let  the  number  of  radiators  disposed  along  the  same 
line  he  h',  =  2n-l,  and  the  number  cf  radiators  in  the  same  column  be  N'2=2m+1. 

In  this  way,  the  number  of  elements  in  ail  in  the  array  is  h'=h!iN-.=  t.2n+l)  (2cr-I) . 

"or  this  case,  expression  (5'  may  be  written  in  the  form: 

:y  .  V  V  f.  .e  '  */ .  {W 

Let  the  distance  between  elements  in.  each  line  be  equal  to  d;,  ar.d  in  each 
column,  d ^ •  We  shall  introduce  the  following  notations: 

d  i  d  2 

ui  =  2"'— r-  sin  c  cos  -,  up=2  —f-  sin  :  sin  d . 


lor  this,  u  2i=ou’,  n  c"=ou2- 
p  ‘  •  •  ’  q  ~  • 


Consequently  thus: 

<?' =  V  V  F„ 


‘  1"  •«*) 


( 15) 


p=— ’«  }  — 


n  the  given  case  here,  we  shall  search  for  a  solution  in  the  form: 


-  v  V.-»K.  le~‘<K!t 


1 18) 


■v  <;  *  ■  o 


.’hert 


"2n+l ’  “  2m+l " 


Substituting  expression  (16)  into  (15),  we  get: 

.  s,n  vi!T~T|S;jiAi:T“TI 

r.  uM.  :.S)  =  \  N  M*.  . - ; - — .  ;!7) 

.  i+i  * 2  *  .  i  £.%  ’•  /  \ 

K-  t  . *  i  i»n  •  s:n  (  —  —  —  I 

4  \  o  o  ■  2  \  o  o  i 

v  ^  ,  V  -  *■  ; 

If  we  take  into  account  formula  (12),  it  is  not  dif f icult  to  be  convinced 
that  A.  ,-R'(kn,  12).  Consequently: 

rt , 

,  in 

F  ■  --  V  V  ;s-,  /,u 

If  the  array  factor  has  the  form: 
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The  interpolaticnai  polynomial  (17)  will  converge  to  the  function  R' (ui,  U2) 
in  the  case  when  it  satisfies  the  determined  conditions  which  are  analogous  to 
the  conditions  for  the  linear  array.  The  degree  of  approximation  depends  cn  the 
number  of  elements  In  and  ‘.'2 .  The  larger  and  M?,  the  more  precisely  will  the 
assigned  function  R'(uj,  ui)  be  assured,  that  is,  ail  the  deficiencies  of  a  linear 
array  are  inherent  to  a  planar  array  as  veil. 

h’cnequidistant  Linear  Arrays 

Improving  the  approximation  of  a  derived  radiation  pattern  diagram  to  an 
assigned  one  is  possible  not  only  by  means  of  increasing  the  number  of  radiators 
on  a  section  (- ' ,  t) ,  but  also  as  a  result  of  their  more  rational  placement. 

In  fact,  from  the  theory  of  interpolation  it  is  well  known  that  for  purposes 
of  improving  the  convergence  of  interpclational  processes,  the  nodes  should  not 
be  taken  to  be  equidistant  from  each  other,  rather,  they  should  be  placed  sym¬ 
metrically  with  respect  to  the  center  cf  the  interval,  concentrating  them  toward 
its  edges.  Consequently,  with  one  and  the  same  n,  better  approximations  will  be 
derived  with  a  r.onequidis  rant  array. 


b’e  shall  go  now  to  an  investigation  of  nonequidistant  arrays. 


As  was  demonstrated  in  the  cited  work  [2],  functions  of  the  class  that 
is,  functions  representing  a  series  of  the  type  (6)  or  (7),  can  always  be  repre¬ 
sented  in  the  following  form: 


R  ici  ---  R  I'ncr.;  *  r 


\  ft 


wnera : 


t ’t  ?  (';)  —  ill,  .1 


It  is  not  difficult  to  note  that  if  R(z)  belongs  to  the  class  then  f  ’  (y ) 

is  a  step  function,  and  expression  (19)  may  be  rewritten  in  the  form: 


-  s 


The  point  at  vnich  rune t  it  a  -i‘?)  has  jumps  ate  designated  by  S„,  and  F  is 
the  magnitude  of  the  jumps.  in  this  :£Sc,  the  problem  of  synthesis  may  be  salved 


pl_oeG  at  me  points  y= 
R  (0) 


■"iSs£-).  The  current 


,  .  .  ,  ,  R 1 0 )  1  .  ,  .  ,  R(Q)  1  ,  , 

rjs in  c r.e  radiators  must  oe  qua  t-  — - — -t  .  r  - )  an i  — - — -  +  —  f-  v-~;, 

and  at  the  points  S.<(0<SK<^r;  and  r  respectively. 

Ve  shall  take  a  lock  at  an  tnaxnla.  Let  1  ’  z  x=crs  ™r-.  Then: 


1  -■» 


- T  -  iV  . 


tnat  ,  i  ,  (y;  is  i 


yc in  t s  t ■■  ,  u  ,  -t ,  with 


f ;  . =  f :  (0)»  .  Consequently,  the  array  factor  crs-y  is  created  by 

three  point  radiators  disposed  a:  the  points  0,  -  with  current  amplitudes 


equal  to  1/4,  1/2,  1  •' 


*  respective. v. 


If  R(z)  is  an  integral  function  of  finite  degree,  but  does  belong  to  func¬ 
tions  of  the  class  3|_,  than  the  function  m(y)  can  have  jumps,  but  ir.  the  inter¬ 
vals  between  jumps  it  will  not  be  a  constant  and  it  will  not  be  possible  to  repre¬ 
sent  it  in  the  form  of  expression  (21).  The  function  i_<yi  may  be  Approximated 
with  any  degree  of  accuracy  by  means  of  a  step  function,  ar.d  R(z)  may  be  repre¬ 
sented  in  the  form  of  (21).  For  this,  the  right-hand  member  of  formula  (211 
will  approximately  represent  the  assigned  function  Rva)  .  T’-e  degree  of  approxi¬ 
mation  depends  on  the  number  of  degrees  and  where  they  are  placed.  It  is  natural 
that  the  greater  the  number  of  degrees  taken,  the  mere  precisely  will  function 
R(z)  be  represented  by  a  function  of  class  B'_.  At  the  limit  for  an  infinite  num¬ 
ber  of  degrees,  we  get  a  precise  equivalence.  It  is  possible  to  select  the  place¬ 
ment  of  the  degrees  in  such  a  way  such  that  the  magnitudes  of  ail  the  jumps  of 
function  fify)  will  be  identical  along  the  whole  alternation  interval  y  (from 
y=0  to  y=*r).  For  this,  we  derive  an  array  with  identical  points  in  its  elements; 
and  this  is  easy  to  realize  in  practice  and  convenient  for  exploitation. 

we  shall  give  an  evaluation  of  an  approximation  of  a  derived  radiation  pat¬ 
tern  diagram  to  an  assigned  one. 
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(19)  into  account, 


function  approximating  the  r unction 
it  is  possible  to  write: 


•king  f  omul  a 


i.n 


:Kw  VS  tCJ.” 


io  this  eauaticn,  ve  cet: 


where  M=  ;  f  i  ( ■/) — F  (y  >  ;  is  the  magnitude  of  the  jump  of  function  F  (y) .  Consequen 

This  estimate  is  quite  rough.  As  calculations  show,  in  actuality,  the  de¬ 
rived  approximation  is  significantly  higher.  However,  this  estimate  shows  tha 
with  small  values  for  z,  for  instance,  within  the  limits  of  the  major  lobe  and 
several  of  its  primary  minor  lobes,  the  approximation  is  quite  high. 

Another  example.  Let: 


where  a  is  a  certain  variable. 


As  may  be  seen  from  this  expression,  P/o)  is  an  fntergrai  function  of  fin 
degree,  restricted  to  the  real  axis,  but  not  belonging  to  functions  of  the  cia 
3|_.  It  is  possible  to  represent  it  in  the  form,  of  a  sum  of  two  functions,  one 
jf  which  belongs  to  the  class  3l,  and  the  other  to  the  class  W 1 .  As  a  conse¬ 
quence,  it  is  impossible  to  derive  this  radiation  pattern  diagram  only  by  mean 
of  a  system  of  point  radiators,  We  shall  attempt  to  do  this  in  an  approximati 
fashion.  We  shall  find  first  the  function  f:(y): 


has  j\ 

C-T,  < 

t  ion . 


the  c 
all  t 
£  •  (  •*  '* 
f:(y) 
jumps 
are  s 


to  be 
ether 
eor.se 
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he  cur 

Vc 

of 

1 1  (y)  Is 

shown  in  7ig.  2.  As  may  be  s 

een  fren  the  figure. 

,  it 

.sips  at 

t  1 

hree 

pc ints , 

+r,  0,  and  However,  in  t 

ne  intervals  '  j ,  ” ) 

and 

it 

2*3 

not 

ccn sian 

t.  Wo  shall  approximate  fi(y) 

by  means  of  a  step 

f  ur.c 

We  za 

k.^ 

the 

number 

of  steps  to  be  equal  to  21  (10 

steps  on  each  side 

of 

71=;.  2.  An  approximation  of 
z  by  means  of  a  step  func- 

c  ion . 


•  •  .  •  ’•  .•  .  •  f  rt  /•  / 

sneer  of  thr  array.  We  place  them  in  such  a  manner  that  the  magnitudes  of 

he  jumps  or  the  function  are  the  same  across  the  whole  variation  interval 

■> 

iron  f-_'C)  to  :•(")■  At  the  point  y=0,  f.(y)=ma<  and  at  the  points  y=~, 
has  a  maximum  value  equal  tc  -as--.  As  a  consequence,  the  magnitude  of  the 

l , (-r)-f . (0)  t 

must  be  equal  to  li__  =  — ■  The  points  at  which  fj(v)  have  jumps 


a own  in 


10 

iconpan vine  tabre. 


/.’e  take  the  magnitude  cf  the  jump  of  the  function  f  q  C y )  at  the  point  y=  0 

TT  *T  2.3l 

equal  to  — ,  and  at  the  points  y=±m,  to  be  equal  to  — — 7-.  At  all  the 

points,  the  jumps  will  be  the  same  in  magnitude  and  equal  to  — As  a 

quence: 
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c'-.e  assigned  function  R(zj  (curve  I)  and  the  functions  R*(u)  ap- 


:rve  II)  for  a=0.0i  are  shown  in  Fie .  3. 


- lazrams  are 


-Lp/VM  Jll  tlMI  ii/ 

Lf  jj  i  f',/  ii ;  »  "  J 
‘  it  t  ii . i !!‘  ■  ■ 


Fig.  3.  F.adiafion  pattern  diagrams.  I  —  assigned;  II  —  derived. 

constructed  according  to  the  field.  As  may  be  seen,  a  good  approximation  is  de¬ 
rived  for  2  not  exceeding  4.  The  major  lobe  of  the  derived  radiation  pattern 
diagram  is  somewhat  narrower  than  the  major  lobe  of  the  assigned  diagram,  but 
the  minor  lobes  are  higher.  The  further  mine’*  lobes  of  the  derived  diagram  are 
significantly  higher  than  the  corresponding  minor  lobes  of  the  assigned  di-gram. 

It  should  be  noted  that  the  approximation  carried  cut  here  is  not  an  optimal 
one.  It  is  obvious  that  if  the  current  amplitudes  taken  are  not  the  same  for  all 
the  array  elements,  but  decrease  from  the  central  elements  toward  the  edge  elements, 
then  it  is  possible  to  significantly  reduce  the  minor  lobes  and  approximate  the 
derived  diagram  to  the  assigned  diagram  for  larger  values  of  z, 

N’onequidistant  Planar  Arravs 


The  method  for  calculating  nenequidistant  linear  arrays  examined  above  can 
be  extended  also  to  planar,  nonequidistant  arrays. 
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t  unction.  with  t :.e  two  variables  :< , 


equai 


* 


r.:c 


Calculating  the  integral 


(I-*/  f.r  this  function,  we  get: 


If  the  function  z-z-  is  a  ,->un  %f  the  form  of  formula  (3),  then  f(x,  v )  =  F 

n 

for  corresponding  values  of  and  \ .  If  the  function  ?.(z-_,z_)  does  not  belong 
to  class  2'_  .  ,  but  it  is  an  integral  function  of  finite  degree,  restricted  to 
the  real  axis,  then  ffx,y)  will  not  be  a  step  function;  it  may  have  jumps  cr  steps, 
but  in  the  interval  between  junos  Its  value  will  not  be  a  constant.  Consequently, 
in  this  case  it  is  possible  to  provide  an  approximation  cf  the  assigned  radiation 
pattern  diagram  by  means  of  approximating  ffx,y)  as  a  step  function. 

If  function  R ( 2  j , a  2 )  is  fixed  in  the  form  of  a  function  that  cannot  be  repre¬ 
sented  in  the  form  of  expression  ^23),  then  it  must  be  preliminarily  approximated 
with  ary  degree  of  accuracy,  previously  fixed,  by  means  of  a  function  cf  the  form 

U  (z’,2-)  ?  (21,22),  belonging  to  functions  of  class  V  ,,  as  this  has  been 

m,n  p,q-  r ,  o 

demonstrated  in  [2].  Then,  using  formula  (24),  it  is  necessary  to  determine  a 
function  f(x,y)  which,  in  its  turn,  must  be  approximated  by  means  of  a  step  func¬ 
tion.  The  degree  of  approximation  cf  the  function  f(x,y)  also  determines  the 
degree  of  approximation  of  the  derived  radiation  pattern  diagram  to  the  assigned 

one. 
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Several  problems  ir.  the  theory  of  radiation  system  design  are  examined. 

It  is  demonstrated  that  mixed  problems  in  synthesis  and  design  can  be  reduced 
to  nonlinear  integral  equations. 

The  conditions  for  the  existence  of  an  exact  solution  to  mixed  synthesis 
and  design  problems  are  examined;  methods  for  determining  desired  amplitude  and 
phase  distributions  along  a  linear  radiator  are  indicated,  and  it  is  proven  that 
mixed  problems  in  synthesis  and  design  do  not  have  unique  solutions. 

A  unique  method  for  calculating  unknown  current  features  in  the  antenna  aper¬ 
ture  is  suggested  for  all  types  of  mixed  problems.  Under  some  conditions  assigned 
tc  the  problem  variables,  it  is  proven  that  there  is  a  solution  and  that  there 
is  convergence  in  the  computation  process. 


Introduction 


Formally ,  problems  examined  in  the  synthesis  and  design  of  radiation  systems 
reduce  to  the  determination  of  the  current  amplitude  and  phase  distribution  across 
the  antenna  aperture  at  a  known  vector  (in  the  general  ccsej  radiation  pattern  dia¬ 
gram.  However,  it  is  often  che  case  that  a  synthesis  of  only  the  amplitude  or 
phase  of  radiation  pattern  diagrams  is  necessary ,  while  the  current  amplitude  or 
phase  distribution  along  the  antenna  is  assigned.  Ir.  practice,  these  kinds  of 
problems  are  encccntered  more  and  more  often.  A  series  of  examples  of  these  kinds 
of  problems  is  examined  in  the  cited  work  [2]. 

Problems,  in  which  the  amplitude  or  phase  diagrams  are  fixed,  as  well  as  the 
current  amplitude  distribution  and  current  phase  distribution  along  the  antenna, 
and  in  which  it  is  necessary  to  determine  the  remaining  two  features  in  the  diagram 
and  in  the  current  distribution,  are  called  mixed  problems  in  antenna  synthesis  and 
design.  Individual  questions  in  the  theory  of  these  kinds  of  problems  have  been 
investigated  in  a  series  of  works  [1,  2).  It  is  possible  to  distinguish  the  fol¬ 
lowing  types  of  mixed  problems: 

(1)  to  determine  the  current  phase  distribution  along  a  radiator  and  the 
amplitude  radiation  pattern  diagram  realizing  the  fixed  current  amplitude 
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distribution  along  a  radiator  and  the  phase  radiation  pattern  diagram; 

(2)  to  determine  the  current  amplitude  distribution  along  a  radiator  and 
the  phase  radiation  pattern  diagram  realizing  a  fixed  amplitude  radiation  pattern 
diagram  and  the  current  phase  distribution  along  the  radiator; 

(3)  to  determine  the  amplitude  radiation  pattern  diagram  and  the  current 
amplitude  distribution  along  a  radiator  realizing  a  fixed  phase  radiation  pattern 
diagram  and  a  current  phase  distribution  along  the  radiator; 

(4)  to  determine  the  phase  radiation  pattern  diagram  and  current  phase  dis¬ 
tribution  along  a  radiator  realizing  a  fixed  amplitude  radiation  pattern  diagram 
and  current  amplitude  distribution  along  the  radiator. 

Initial  Concepts 

In  what  is  to  follow,  for  simplicity's  sake,  we  shall  consider  only  a  linear 
radiator  whose  racket:' on  pattern  diagram  can  be  written  in  the  following  form 

'ii. 

L  3  •  J 

Di&i---  t’ Fir)  exp  H  k  sin  Q-dt,  '!• 


where  x=-r;  a  is  the  wavelength  at  which  the  radiator  functions. 

Xx 

We  shall  introduce  a  substitution  for  the  variables:  tt  sin  G=u,  t=-^~.  Then 
the  function  D(3)  is  transformed  into  a  certain  function  R(u),  and  function  F(t) 
into  function  fQ(x).  After  a  series  of  noncomplex  transformations,  equation  (1) 
may  be  reduced  to  the  following  equation: 

Riu)  exp  i  if  ik)  =  \/(,v)exp  iyi.v)  exp  ,:ux  dx.  (2) 

X  A  s 

where  the  function  of  f  (x)=^-f q(x)  ;  2o»—  is  the  electric  length  of  the  radiator; 

<p (u)  is  the  phase  radiation  pattern  diagram;  ^(x)  is  the  current  phase  distribution 
in  the  radiator. 


We  shall  assume  that  function  R(u)  belongs  to  the  class  V_  (this  does  not 

w 

disturb  the  generality  of  the  comments  here,  inasmuch  as  all  radiation  pattern 


d las rams  Chat  can  be  realized  belong  to  this  class).  Then,  in  accordance  with 
-V*.£  VirtTiST”?  sisv  tf'.scrorr.  ^3^  ,  t,r*2  tollrvirii;  Cf’-ist  r'.c  I  *si 

w  ' 

2  :  .  A'*:}.'  ill  =  \  :f  i  V)  *  dx  C  "  :.  1  )l 

—  co  — : 

It  should  be  noted  that  for  functions  of  the  class  W  _ ,  the  following  inequality 
is  derived  from  equation  (3): 


\  ./?  i i.  du 


\  /U  licit  <  to. 


As  is  well  known,  under  the  conditions  indicated  above,  the  function  of  the 
amplitude-phase  distribution  of  current  along  a  radiator  is  determined  from  the 


:o.lcwiaj  to rnu -a: 


•.viev.3  :  - 


Riu  i  exc  exp  — <  u  x  du. 


while  outside  the  segment  [-?,aj  f(x)=0. 

Equations  (2)  and  (5)  are  baseline  equations  in  considerations  of  questions 
in  the  theory  of  mixed  problems  ir.  the  synthesis  and  design  of  radiating  systems. 
Consequently,  the  four  types  of  mixed  problems  indicated  in  the  introduction  re¬ 
duce  mathematically  to  the  following: 

(1)  known  functions  o(u)  and  f (:•:);  it  is  necessary  to  find  the  func¬ 
tion  l>(x); 

(2)  the  functions  R(u)  and  y(x)  are  known,  and  it  is  necessary  to  find 
the  function  f(x); 

(3)  the  functions  b(u)  and  'V  (:c)  are  known,  and  it  is  necessary  to  find 
the  function  f(x); 

(4)  the  functions  R(u)  and  f(x)  are  known,  and  it  is  necessary  to  find 
the  function  '*>(x). 

Vie  shall  demonstrate  that  the  solution  to  each  of  these  problems  may  be  repre¬ 
sented  as  a  solution  either  of  a  system  of  integral  equations,  or  as  a  solution 
of  a  linear  integral  equation.  With  this  end  in  mind,  we  shall  transform  expres¬ 
sion  (2)  into  the  following  equation: 


R  i'l)  =  J  fix)  exp  i  [  -  i.V!  —  q- IX)  -  :,a;  dx. 


water.,  a::ir  separating  tr.e  raai  and  imaginary  portions,  makes  it  possible-  r.c 
reduce  the  consideration  of  all  types  of  the  mined  problems  to  a  consideration 
of  the  following  system  of  integral  equations  with  two  unknown  functions: 


\  /  ; a i  ccs  -  i x)  —  f£  I.:  —  ux  Jx  ~  A'c.i 


\  fiX'iia  -  ( v)  —  j  \uj  —  ux  Jx  =  0 


As  a  result  of  similar  calculations,  formula  (5)  can  also  be  represented 
a;  a  s”s ter.  of  equations: 


|  R  fa)  cos  <p  —  r  lx)  —  ux  du  =  /  i.v) 

JO 

•o 

\  R iu) sin  <f ,«)  —  y  (vt  —  ux  du  -  0 


{>) 


The  reduction  of  mined  problems  to  systems  of  integral  equations  is  also 
convenient  from  the  point  of  view  that  these  systems  may  be  solved  with  the  aid 
of  approximate  methods  in  numerical  analysis,  which  will  not  be  examined  here. 

Cr.e  cf  these  kinds  of  approximative  methods  is  cited  in  work  [11].  It  is  a  simple 
matter  to  see  that  equation  (2),  after  simple  transformations,  can  be  written  in 
the  form  of  the  following  system  cf  equations: 


Riuic^i  q  I:;*  =  \  ;t.v,co$[- f.vi  —  ux)  jx 


i&s 


Rtu)  sir.q  km  =  ’  /  <x)  sin  [l  (x)  —  icy]  dx 

and  equation  (3)  is  equivalent  to  the  following  kind  of  system  of  equations: 

so 

f  i .vi  cr.5  - 1 .vi  =  |  P  in i  cos  [q  i u)  —  i;.v]  du 


(10) 


i.v;  sin  -  (vi  —  \  P  c. i  sir.  ;<j  >u)  —  «.vj  a u 


We  shall  examine  in  more  detail  the  reduction  of  problem  1  into  "a "nonlinear , 
integral  equation,  with  the  reduction  method  for  the  other  problems  to  integral 
equations  being  similar.  Multiplying  equations  (9)  by  sin  <p( u)  and  cos  o(u)  res¬ 
pectively,  and  assuming  that  sin  b(u)^0  and  that  cos  o(u)iO,  after  transformation 
we  get: 

(  /  i.v)  sin  f ip  (:. i  —  .  i.v)  —  .a]  ax  =  0. 
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In  the  case  when  sir.  '  <u)=0[  r  (•.:  .'  =  ~k,  where  ’<=0,  I,  2],  or  c  os  •;  (ujs0[  ;(u)  = 

=  -r  -*■  ~k,  where  k=0,  +1],  it  is  also  a  simple  matter  to  be  convinced  that  from 
equation  111)  one  of  the  nonlinear  equations  of  system  (9)  drops  out,  and  when 
they  are  solved,  it  is  possible  to  find  the  current  phase  distribution  along  the 
antenna,  equation  (21.)  is  a  nonlinear,  integral  equation  with  respect  to  the 
unknown  function  c(x) .  By  means  of  similar  considerations,  it  is  possible  to 
demonstrate  that  problem  2  reduces  to  the  following  nonlinear  integral  equation 


- oo 


It  is  clear  that  if  as  a  result  of  the  solution  to  equation  (12;  a  function 
;(u)  is  found,  then  from  equation  (5)  the  function  f(x)  will  be  determined  easily, 
and  as  a  result,  problem  2  will  be  solved.  Problem  3,  as  it  is  clearly  seen,  can 
also  be  reduced  to  a  solution  of  equation  (11),  which  with  respect  to  the  desired 
function  f(x),  is  nonlinear.  Ar.d,  finally,  problem  4  reduces  to  a  nonlinear,  in¬ 
tegral  equation  after  simple  transformations,  which  is  different  from  the  foregc- 


or.es,  that  is: 

P- in)  —  ;  [  /  i.v)  cos  -  .. .  i \ 


\  '  ■  i 


equations  (11),  (12) ,  an;  (13;  may  be  written  in 
P<. Yi  -  " 

where  P  is  the  integral  operator  corresponding  to  the 
function  sought. 


the  crerational  form: 


equations,  and  X  is  the 


The  Solution  to  the  Operational  Equation  ?(X)=0 

Let  G  be  a  measurable  set  of  finite  or  infinite  cardinality.  It  is  possible 
to  demonstrate  [4]  that  the  aggregate  of  all  continuous  real  functions  a(x)  on 
G  forms  a  3anach  space  E’,  if  the  norm  a(x)  is  set  by  Che  equation: 

;|7  i.V"  —  s  -i  p  a  ;  •  > 

X  t  „ 

It  is  possible  to  show  in  the  same  way  that  the  aggregate  of  all  continuous 
real  functions  a(u)=?£i(x)}  on  G  forms  a  Banach  space  ,  if  we  assign  the  norm 
2(u)  by  the  equation: 
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It  is  possible  lo  prove  by  using  the  theory  of  operators  [3]  that  the  opera¬ 
tor  ?(X)  determined  above  acts  out  of  the  space  E^  into  the  space  Ej.  Then  equa¬ 
tion  (14)  is  solved  by  means  of  a  single  step  method  of  constructing  a  series 
that  converges  to  its  solution: 

A .  A.  ■. 

where  A  is  a  certain  operator  acting  out  of  space  into  space  13. 

The  justification  for  this  suggestion  is  grounded  on  a  series  of  theorems 
[4,  5,  10],  which  make  it  possible  to  indicate  several  conditions  that  are  suffi¬ 
cient  for  the  existence  of  an  exact  solution  to  mixed  problems  of  synthesis  and 
design.  It  follows  from  the  formulations  cf  the  majority  of  theorems  indicated 
that  the  important  features  for  their  applicability  in  the  case  under  considera¬ 
tion  here  is  proving  the  differentiability  (according  to  Frechet)  of  the  operator 
F(X)  and  the  fulfillment  of  the  Lipschitz  condition  for  the  derivative  ?'(X)  [6, 
7,  8}j 

P  :.Y>  —  P'  >Y< ,  I.  A  -Y  . 


where  L  is  some  constant  not  depending  on  X  and  Y. 

The  fulfillment  of  the  other  requirements  of  the  theorem  is  assured  by  a 
suitable  selection  of  an  auxiliary  operator  An(Xn)  and  an  initial  approximation 
Xq.  In  calculations,  it  is  often  the  case  that  it  is  convenient  to  take  the  opera¬ 
tor  3?(X)  for  the  A  (X  )  operator:  A  (X)=3?(X),  where  3  is  a  linear  operator 
n  n  n 

acting  out  of  the  space  E?  into  Ej. 

If,  in  particular,  B=[?'  (Xq)  ]“* ,  then  the  series  (15)  gives  a  modified  h'evton 
method;  if,  however,  E2=F.;  and  3=otI,  where  I  is  3  unique  operator,  then  a  method 
of  sequential  approximations  is  forthcoming  [4]. 

The  Correctness  of  Mixed  Problems  in  Synthesis  and  Design 

In  considering  mixed  problems  in  the  synthesis  of  radiating  systems  for  the 
determination  of  desired  current  amplitude  and  current  phase  characteristics  in 
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a  radiator,  it  is  not  aquatior.a  (2)  anc  (5)  that  ware  used,  but  the  integral  aqua¬ 
tions  of  the  fern  P(,X)=0  arising  out  of  them-  For  this  reason,  it  is  necessary 
to  .take  clear  whether  or  net  the  solutions  found  for  this  equation  satisfy  the 
in'  ial  integral  equations  (2)  and  (5).  For  concreteness ,  we  shall  consider  prob¬ 
lem  2  and  prove  that  the  function  :(u)  derived  from  equation  (12),  together  with 
the  assigned  functions  R(u)  and  :i(x)  satisfy  the  initial  integral  equations. 


T.v'e  shall  suggest  that  the  phase  radiation  pattern  diagram  o(u)  determines, 
after  it  is  substituted  into  equation  (13),  a  second  current  distribution  fi(x) 
and  a  second  current  phase  distribution  j •  (x)  in  the  radiator.  Then,  after  some 
simple  transformations,  it  is  possible  to  reduce  equation  (3)  to  the  following 
form: 

x 

\  R  ( u i  sin  ff  , U I  —  ,  I . : ,  —  ux  du  =•--  0.  .  j  d) 

-  30 

As  i  (xN  is  a  solution  to  equation  (12),  the  following  relationship  also  holds: 

oo 

\  R  iu)  sin  q  'u  i  —  v  <  r'  —  ux\  du  =  0. 

—  CO 


iifcer  adding  and  subtracting  termwise  equations  (16)  and  (17),  and  after 
elementary  transformations,  we  arrive  at: 

"  r—  (x\  a-  ..  1  i  (.()—  •  i  hf;  .  ,, 

l  R  u)  sin  |  -i  i.ui-  — y* - «.*j  cos - - - =  ‘ 


R  [u i  ccs  ( q  («) - - - ux  sin - -  >*•*  -  ••  • 

L 


2  J 

*(x) -*:(*> 


Taking  into  consideration  that  cos  — - — — — ,  and  that  sin  ~~ — ■■  -  -*0 , 


we  can  write: 


\  Ru:<  -  in  i  <  i  >  — 


\  P  i  i !  C.  ■'  q  l  u 


.  i  -,di 


Multiplying  both  members  of  equation  (IS)  by  i  and  adding  both  equations 
termwise,  wa  receive  after  a  series  of  computations: 


!  •  1  I  .  J  ■  V  f  .  r- 

■  \n  ; - : - 1  ,  ■  1 
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-‘.’.an.:  senser  of  aquation  (20)  nay  be  considered  to  be  a  radiation 


diagram  of  a  radiator  with  an  ar.pl ifuae 


stributicn  of  ?.(u)  and  a  phase 


distribution  of  iron,  physical  considerations,  it  is  cl  tar  that  it  nay  be 

identical  to  aero  only  in  the  case  when  R(u)=0,  which  has  .o  nkvsical  sense.  In 

this  way,  the  solution  o(u)  of  equation  (12)  is  the  solution  for  problem  2  in 

y(x)-bl(x) 

the  synthesis  of  a  radiator.  Ke  should  note  that  if  sin  - y - =0,  then 

(:t)±2~.<(<*C=i)  .  But  this  means  that  physically,  by  means  of  the  solution 

;(u),  one  and  the  same  current  phase  distribution  is  realized  in  the  radiator. 

If  cos  "  1  /'x'  sQ .  then  )(x)*yi  (■<)*- .  In  this  case,  as  one  may  easily  be  con- 

2 

vinced,  proclem  2  may  be  resolved  by  means  ct  a  simple  substitution  of  the  value 
of  o  (:<)  into  equation  (2),  if  equation  (12)  has  a  solution  p(u)drr,  and  if,  obvi¬ 
ously,  it  has  this  solution.  Thus,  the  determination  of  the  function  !?(u)  com¬ 
pletely  resolves  the  mixed  problem  2  in  the  synthesis  of  a  radiator.  In  the  same 
way,  it  may  be  demonstrated  that  solutions  to  equations  (11),  (12),  and  (13)  are 
also  solutions  to  the  corresponding  mixed  synthesis  problems. 


It  is  interesting  to  note  that  the  theorem  presented  in  [10],  when  all  re¬ 
quirements  indicated  3re  met,  yields  the  possibility  of  finding  the  necessary  cur¬ 
rent  amplitude  and  current  phase  distribution  along  a  radiator  that  realize  the 
assigned  radiation  pattern  diagram,  but  they  do  not  guarantee  the  uniqueness  of 
the  distributions  found  in  this  way.  As  is  well  knewn,  nonlinear  integral  equa¬ 
tions,  speaking  in  general,  do  not  have  unique  solutions;  this  has  also  been  ob¬ 
served  in  the  kinds  of  synthesis  problems  under  consideration  here.  In  fact,  if 
attempts  are  made  to  synthesize  or  design  an  antenna  with  a  phase  radiation  dia¬ 
gram  equal  to  zero,  that  is: 

rf  (</)  ~  0, 

under  the  condition  that  the  current  amplitude  distribution  along  the  antenna  is 
a  positive  function  with  respect  to  the  zero  point  of  the  selected  coordinate  sys¬ 
tem,  then  a  synthesis  of  the  desired  radiation  system  can  be  carried  out  if  the 
current  phase  distribution  along  the  radiator  can  be  realized  physically  in  the 
form  of  any  odd  function.  In  this  case: 

1  J 

j  •'  ( v ’  -in  [  —  ij- 1  vi  —  ux )  iix  ---  —  j  /  (.v) sin  [if  t x )  —  k.v)  dx  —  0 . 

when  sin  j >(-x)+u(-x) l=  -sin  jo(x)+uxj.  A  similar  situation  may  be  observed,  for 
example,  in  the  synthesis  of  an  antenna  with  a  positive  amplitude  radiation  pattern 
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I 

ft 


I 


where  o (u ;  is  any  arbitrary  odd  function  with  respect  to  the  coo  rc in  ate  system 
zero  point. 


Calculations  of  concrete  current  distributions  corresponding  to  this  case 
can  be  found  in  the  work  cited  [1].  Finally,  by  means  of  a  direct  substitution 
in  equation  113),  it  is  possible  to  convince  oneself  that  if  A-'-'j  resolves  the 
mixed  synthesis  problem  number  i,  then  any  current  phase  distribution  along  the 
radiator  if  a  :;rr.: 


tner  e 


mtrai 


■.stan; 


will  also 


reso. 


From  what  has  been  explained  above,  it  follows  that 
of  radiation  systems,  in  the  absence  of  the  normal  kinds 
considered,  ’nave  (in  the  case  when  they  are  realizable), 
unique  solutions.  The  questions  ir.  the  theory  of  mixed 
determined  conditions  examined  in  the  present  work  may  b 
a  two-dimensional  radiating  system,  and  also  for  systems 
(with  the  help  of  the  Stieltjes  integral). 


mixed  synthesis  problems 
of  synthesis  problems 
generally  speaking,  no 
synthesis  problems  under 
e  generalized  also  for 
of  discrete  radiators 


In  conclusion,  we  should  note  that  the  integral  equation  (12),  correspond¬ 
ing  to  problem  3,  is  linear,  and  for  that  reason,  after  transforming  it  into  an 
equation  with  a  symmetrical  core: 

|  /  UI K  (z,  A  i  dx~  0. 

where: 

A  iz.  vi  -  |  -ir.  [<j  <:<>  —  T  >*.  — 

it  is  possible  to  apply  the  following  recurrent  series  for  determining  a  desired 
function  of  current  amplitude  distribution  (if  a  solution  exists)  [9]: 
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l-jjiocSZCu^c';  faziatio:;  with 


A.  Pistol 'kors 


A  methodology  for  studying  binary  sources  of  extraterrestrial  radiofrequency 
emissions  is  analyzed;  the  methodology  is  based  on  the  theory  of  the  complex  co¬ 
efficient  of  Zemike  coherence  and  on  the  application  of  an  interferometer  with 
a  phase  shifter.  Methods  for  determining  the  angular  distance  between  the  sources 
are  examined,  as  well  as  the  ratio  of  their  intensities  and  their  relative  posi- 


mtrocuctrcn 

Two  methods  are  used  for  studying  the  structure  of  complex  extraterrestrial 
radio  frequency  sources.  One  of  them  is  based  on  the  apparent  retardation  in  the 
scarce  as  it  passes  across  the  meridian  [1].  In  the  second  method,  suggested  by 
Jenr.ison  [2],  a  tripie-antenna  interferometer  is  used.  Seth  methods  are  quite 
ccmpl ex. 

In  the  present  article,  a  particular  case  of  the  complex  structure  is  studied, 
that  is,  binary  sources.  A  comparatively  simple  method  may  be  suggested  for 
measuring  their  parameters.  It  is  based  on  an  analysis  cf  the  complex  coefficient 
of  fluctuation  coherence  in  the  interferometer  antennas  co rresponding  to  the 
sources  [3]  and  on  the  experimental  determination  of  the  magnitudes  characteriz¬ 
ing  this  coefficient.  This  latter  is  connected  with  a  luminance  distribution  in 
the  source  by  means  of  a  Fourier  transformation. 

Assuming  the  sources  to  be  point  sources,  we  will  look  for  an  angular  separa¬ 
tion  between  them,  the  ratio  between  the  source  intensities,  and  their  positions 
with  respect  to  each  other. 

The  Coefficient  of  Coherence  for  the  Case  of  3inarv  Sources 

Let  at  the  points  Pi  and  P2  on  the  Earth's  surface  (we  shall  take  it  to  be 
flat)  antennas  1  and  2  of  an  interferometer  be  set  up  with  a  base  d  (Fig.  1). 

At  pcir.t  Q  in  the  feeder  line,  a  receiver  is  hooked  in.  The  intensity  of  fluc¬ 
tuations  arising  at  input  is  ([4],  p.  507): 


z  -uctu.it  ions  at  the  int 


the  intensity  or 
rfercmeter  output 


Here,  I;  (0)  an 
dividual! y  by  the  f 
the  complex  cceffi c 
the  phase  shift  cor 
the  feeder  from  the 


T:  ' :  .1  ar,-  the  intensities  of  the  fluctuations  picked  up  in- 

•  ,  .  -  ;  —  i  —  1  2. 

rst  an >a  second  inters erometer  antennas;  - 1 1*  . ;  2  ;  e  is 

,ent  of  the  fluctuation  coherence  at  points  ? •_  and  ??;  is 

esponding  to  the  difference  in  the  passage  of  the  waves  along 

antennas  to  the  place  where  the  receiver  is  connected. 


Expression  (1)  is  good  for  small  shifts  across  time  ~  in  the  signals  picked 
up  by  both  antennas  and  contain ed  at  point  0,  when: 


where  if  is  the  bandwidth  of  the  frequencies  picked  up. 


We  shall  examine  first  of  all  a  source  near  the  zenith.  Let  this  source  be 
disposed  on  a  plane  ~  with  a  coordinate  system  and  let  there  be  a  parallel  sur¬ 

face  A,  in  which  the  interferometer  is  disposed  (Fig.  2).  The  distance  between  the 
surfaces  is  designated  by  R,  and  we  construct  on  surface  A  a  coordinate  system  k.T, 
whose  axis  is  parallel  to  the  axes  of  E^n,  with  the  zero  point  lying  normal  to 
oO.  Then,  according  to  the  Van-Zittert  and  Zernike  theorem  (’41,  p.  510): 


i .  J 


/(:  -iJU 


2t 

Where  where  >.  is  the  mean  wavelength  of  the  noise  radiation 

^  is  the  phase  difference  in  fluctuations  arriving  at  points  P:  and  P; 

O  - 

zero  point  in  the  coordinate  system  Eon,  equal  to  ■— foP'-oPp) ;  ICE,") 


picked  up; 
from  the 
the 


is 


wr.are  xi  ,  y'  ,  -  r  i  c  u  ,  y'  :rs  ".it  c  ooraxnutes  ox  che  potato  ~  anc  ?£. 

In  what  is  to  ft  i.  low,  we  shall  call  the  magnitude  ul?  the  nucleus  of  the  co¬ 
efficient  of  coherence.  The  nucleus  u‘  does  not  depend  cn  the  positioning  of 
the  interf -rom.etcr  antennas;  it  only  depends  on  the  projection  cf  the  base  of  the 
interferometer  antennas  onto  the  x-axis  (with  a  magnitude  of  p)  and  y-axis  (with 
a  magnitude  of  a),  he  shall  dispose  the  point  and  along  the  x-axis.  Then 
;  -  x  g=  c  (if  x;  >xg)  and  pi=^=dv,  where  o  is  the  angle  formed  by  the  direction 
from  point  0  onto  the  abscissa  of  the  point  in  with  the  normal  to  the  surfaces 
x  and  A;  at  the  same  time,  q=0.  let  the  coordinates  of  the  point  sources  be  res¬ 
pectively  i and  \2 "2>  and  their  intensities  be  respectively  a  and  b. 


h’a  shall  choose  the  aero  point  of  the  coordinate  system  jnri  in  such  a  way 


Fig.  3.  On  calculating  the  nucleus  of  the  coefficient  cf  coherence. 


I 

The  nucleus  of  the  coefficient  of  coherence  ujo*  as  it  is  a  function  of  the 

electric  length  <d,  describes  a  picture  of  field  voltage  distribution  in  the  in¬ 
terference  bands  on  the  surface  A,  with  the  interference  bands  corresponding  to 

the  pair  of  sources  under  consideration  here,  not  in  terms  of  their  intensities. 
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or.  the  sign  of  the  difference  between  a-b. 


cl  -  7. a  C 


If  it  would  be  possible  to  explain  the  picture  of  interference  bands  aen- 
or.^-o  abo'’e  by  means  of  rr.ea.siire~.er.es,  it  would  be  possible  to  determine  by  means 
this  the  parameters  for  the  sources  a  and  b. 

"p  to  the  present  time,  a  racior requency  source  has  been  studied  close  to 
e  s^nich.  Conclusions  drawn  for  it  are  easilv  extended  to  the  case  of  a nv  ocsi- 


:rcn  tor 


source.  They  will  remain  justified  if  we  take  the  projection  of  the 


angular  separation  between  the  constituent  binary  sources  onto  the  orientation 
•of  the  interferometer  base  at  an  an  tie  of  2-  . 


The  Current  on  the  Output  of  an  Interferometer  with  a  Phase  Shifter 

We  take  I i (Q)*M(a-b)  and  I 2 (Q)=N(aJ-b) .  Then,  expression  (1)  may  be  written 
in  the  form: 

W  -.V  -:i  --2I  7 hi  ... 

■•<e  note  also  that: 

:>J2iCos«{Jj,  —  li  =  Re  y;i  e~  ’  =1  1  e •-  ; 

where  y=c+5. 

The  measurement  method  suggested  here  is  based  on  a  shift  in  the  lobes  of 
the  interferometer  diagram.  The  methods  for  this  kind  of  shift  using  phase  shifters 


Udotcd  by  Payne- Scott:  and  Little  [5]  ds  veil  as  by  Hanbury,  Srcwn,  Palmer, 


ind  i.vcnoson 


. .lev  use  m ter : ero meters 


it  the  present  state  of  the  art  [7]. 


3..J _  - 


2  d-.or-i 


a  translation  of  the  source  together  with  _b_  sky  profile,  the  phase 
r.  the  signals  arriving  from  point  o  on  the  surface  z  to  antennas  1  and 
'hr  this  reason,  .  =  -u^t,  where: 


Here,  w_  is  the  angular  velocity  corresponding  to  the  Earth's  rotation;  5  is 
the  sourca  declination;  -  is  the  angle  between  the  base  and  the  east-west  line. 

"sine  3  phase  shifter,  it  is  possible  to  derive  the  frequency  of  the  output 


where  w  is  toe  cause  shir ter  frequency. 


:en: 


anc  expression  (5)  takes  the  following  form: 


It 


/  <C 


.V ! '  j  —  '.'•--hi  ,\ '.\  iij  —  ccs  kJv  ccs  i! :  - 


—  (a —  b)  sin  tuiv  hni. 


:  -t  Cl  ri 


•  ;oi 


The  current  amplitude  I,  of  the  frequency  is  proportional  tc: 


1  [U—  b\-  ccs ~kJv  —  i  t  —  by  sir.-NUf  =  ]  ai~  a-  --  2. id  cos  2  ruv , 
and  its  phase  -  is  cetemmec.  oy  means  cf  t  ie  equation: 

*S ~  '^~7  ‘‘i  r-~v- 


n 


Determining  the  Angular  Separation  Between  the  Sources 

In  order  to  determine  the  angular  separation  2c,  it  is  necessary  to  knew  the 
period  of  the  interference  bands  on  the  Earth  mentioned  above.  In  order  to  find 
this  period,  it  is  sufficient,  by  varying  the  base  d,  to  determine  the  distance 
between  the  pole  maximum  and  the  nearest  minimum.  We  shall  substitute  variations 
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In  the  frequency  range  under  consideration  a-: 
quency  giving  a  maximum  value  tc  the  pickec-u: 
sarv  that: 


:  : r.u  at  r.rst  tr.e  ire- 
":r  this,  it  is  neces- 


■i  ,•  ...  ...  - 


where  n  is  a  whole  number. 


Then,  va  search  for  a  frequency  a>2»  larger  or  smaller  than  at  which  the 

power  received  iron  the  binary  source  has  a  minimum  value  .  It  is  clear  that: 


from  which: 


■mere  n..=— 


The  distance  d  between  the  antennas  must  be  taken  beforehand  to  be  sufficient 
large,  in  order  that  at  a  fixed  maximum  frequency  dispersion  between  and  ~2> 
the  measurement  cf  the  determined  minimum  angular  separation  between  the  sources 

will  be  assured.  Thus,  for  a  minimum  angular  separation  cf  ir=  i  ’  =0. 291  •  IQ-:3  rac, 

*3  s  non 

at  p~5,  mi  =  — =y~-hyg  =  3,  600.  It  is  clear  that  m;«8,  sChrdbC,  that  is,  mq=9,450, 
or  m2=7,7-i0. 


U2~'*l 


raking  m^mj,  we  get  for  a  mean  frequency  a^:  m.Q=9,030.  Consequently, 


=0.095. 


The  distance  between  the  interferometer  antennas  is  determined  bv  a  fixed 


minimum  angular  separation  2:  for  the  measurement  and  a  frequency  dispersion 

nin 


cf  fi  and  f 2 •  From  expressions  (13)  and  (14),  it  follows  that: 

— - 


where  p  is  a  whole  number. 


On  the  other  hand,  from  expression  (13),  it  follows  that: 


•■’I. 


-  -  I  H  “  *  M  H 
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the 


For  measuring  the  angular  separation  2v  between  the  components  of  the  binary 
system,  it  is  necessary  to  knew,  although  ever,  only  in  an  approximate  way,  the 
curve  of  amplification  in  the  system  ''interferometer  antenna- receiver"  within  the 
frequency  range  f j-fr,  in  order  to  be  able  to  find  correctly  the  frequencies  of 
the  maximum  and  minimum  of  the  picked-up  energy.  This  curve,  naturally,  should 
not  have  sections  with  great  steenness. 


Determining  the  Ratio  of  the  Source  Intensities 


In  order  to  find  the  relationship  of  the  intensities  a  and  b  of  the  sources, 
it  is  sufficient  to  find  the  ratio  of  the  field  voltage  minimum  of  the  interference 
bands  on  Earth  (the  field  voltage  proportional  to  ,!a-bf)  to  the  field  voltage  maxi¬ 
mum  '[proportional  to  a-rb).  For  this,  it  is  necessary  to  know  the  ratio  of  the 
amplification  of  the  system  "antenna-receiver”  at  the  frequencies  mentioned  above 
and  u>2,  and  with  a  large  dispersion  of  these  frequencies,  to  know  also  the 
relationship  of  the  source  radiation  intensity  to  the  frequency  at  the  pertinent 
frequencies . 


We  shall  denote  a  correction  factor,  which  takes 

q. 

fects  of  the  factors  mentioned  above,  by  means  of  jp. 
plitudes  I;  and  lo  at  the  frequencies  at  and  W2,  ar.^ 


into  account  the  joint  ef- 
Ccmparing  the  current  am- 
noting  that  I;-(a-*b)qi  and 


I?'[<a-fc;q2,  we  find; 

intensity  of  the  weak  source _  _ _ '•  _ V 

intensity  of  the  strong  source  l _  — 1 — 


In  order  to  explain  which  of  the  sources  a  and  b  is  the  weaker,  it  is  neces¬ 
sary  to  determine  the  sign  of  the  imaginary  portion  of  the  nucleus  of  the  coherence 
coefficient  u  J  2. 1  this  requires  special  measurements. 


Below  we  shall  cite  yet  one  more  method  for  measuring  the  ratio  of  source 
intensities. 


Determining  the  Mutual  Fositionings  of  Sources  with  Different  Intensities 

As  has  already  been  indicated,  for  this  it  is  necessary  to  determine  the 
sign  of  the  difference  a-o;  this  can  be  carried  out  by  means  of  elucidating  the 
relationship  between  the  phase  of  the  current  I„  and  the  observation  conditions. 


iUs-isurcnents  may  ;e  carried  out  la  several  ways;  they  all  require  the  presence 
of  two  channels  connected  in  parallel  to  the  antennas  of  an  inter: ammeter  (rig. 
-•),  and  p j'.ifts  between  the  currents  I;  and  I;,  which  must  be  compared  as 
well . 


i  'v  ^ 

lDC3 

•V  »*’, 

to  the  ohase-cieti-r 


rig.  4.  Diagram  of  an  interferometer 
with  two  channels  for  determining  the 
mutual  positionings  of  sources  with 
different  intensities. 


Thus,  channel  1  can  be  used  for  receiving  at  frequency  £\,  corresponding  to 
the  maximum  of  the  interference  bands,  and  channel  2  for  receiving  at  frequencies 
corresponding  to  the  minimum  of  the  bands.  Then: 

1  _•  =  5.  ul  —  f)\  cos  Q  ; 

i:,  ~  .w  i a  —  bi  sin  Q  -  !  " 1 

The  phase  shifts  between  che  points  i_^  ana  i,.,0  must  be  ±~  .  The  purpose  for 
the  measurements  is  to  establish  the  sign  of  this  shift  and  to  determine  the 
sign  of  a-b.  The  phase  of  the  lobes  in  the  interferometer  diagram  can  vary  with 
a  frequency  .2  on  the  order  of  25-50  Hz.  At  these  frequencies,  the  phase  shifts 
of  two  currents  may  be  measured  sufficiently  accurately.  In  this  case,  the  fol¬ 
lowing  method  may  be  suggested.  Let  the  phase  shifter  ir.  channel  1  maintain  a 
frequency  .1,  and  in  channel  2  the  phase  shifter  maintain  a  frequency  of  1,  cor¬ 
responding  to  the  displacement  of  the  lobes  of  the  diagram  to  the  opposite  siie. 

For  measurements,  it  is  most  convenient  of  all  to  take  the  frequency  at  which  tes 
Kdv=  msin  Kdv.  We  shall  consider  further  the  case  corresponding  to  a  positive  sign, 
as  this  takes  place  for  the  mean  frequency  in  the  numerical  example  cited. 

Fcr  this  case: 

i2l  =  C[hz  —  <b;ccsL!:  —  (q  —  b)  *inO .'j  ; 

1 2(h 

i.-j  =  C[(c  —  b)  cos  Lit  —  ij  —  ftisinQf]  |‘ 


where  C  is  the  coefficient  of  proportionality. 


We  shall  find  the  phase  f  of  the  current  i  according  to  the  ratio  to  i„  ; 


then: 


18-r  = 


a  —  h 
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which  yields  the  possibility  of  determining  not  only  the  sign  of  the  difference 
a-b,  but  also  the  ratio  -,  which  in  the  given  instance  can  be  greater  than  unitv 

cl  '  * 

(at  ,>G) . 


supplementary  Remarks 


It  has  been  presumed  up  to  the  present  time  that  a  shift  across  the  time  T  | 

of  two  signals  combined  at  point  Q  is  small  and  satisfies  the  inequality  (2).  ! 

This  condition  can  be  disrupted  with  a  translation  in  the  source  together  with  j 

the  sky  profile  with  respect  to  the  base  of  the  interferometer.  We  shall  consider  { 

a  base  oriented  along  the  line  "east-west,"  when  this  kind  of  translation  makes 
itself  most  strengiy  felt. 


source  in  the  region  of  culmination: 


where  3  is  the  angle  formed  by  the  line  to  the  source  with  the  normal  to  the  base 
(Fig.  1). 


In  the  case  under  consideration,  the  following  factor  is  added  to  the  last 
term  in  expression  (1): 

«•«  -  — —  :**i  a  A  :  —  ssi, 


,i  1  ;  —  sin  ■ 


a  factor  characterizing  the  envelope  of  the  interferometer  diagram.  If  the  ob¬ 
servation  zone  is  restricted  by  values  for  the  angles  9,  at  which  the  envelope 
does  not  fall  below  half  the  maximum  value,  then,  taking  sin  S’O,  we  get  values 
for  the  corresponding  sector  of  the  angles  3: 

1H  =  -IcmL  _• : 

that  is,  it  will  depend  only  on  the  band  of  the  frequencies  picked  up  and  the 
length  of  the  base. 


Using  expression  (17),  it  is  not  difficult 


A  H  —  •■>  4  Jj — LL.  2v 

A;  min ’ 
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to  find  that: 


ro  c— ..ill  (if  the  observat  1  ir.  s^c 

nun  angular  reparation.-.  _  .  .  a  obtained  within 

'  '  f  —  f  - 

is  calculated.  .’.us,  i;  ....  *1  ar.d  1 T-- -—  -  . 


if  1:  i.:r...-.-  the  neater  of 
t  and  for  which  the  interr 


rr.ini- 
erometer 
,  ar.d 


If  the  tine  for  finding  a  source  within  the  limits  cf  the  sector  1?  is  in¬ 
sufficient  for  carrying  out  observations,  then  the  ratio  between  the  feeder  lengths 
leading  to  point  Q  should  be  either  periodically  or  continually  corrected. 

In  conclusion,  we  should  note  that  the  methods  suggested  here  for  measuring 
are  only  slightly  sensitive  to  arbitrary  variations  in  the  phase  shifts  in  the 
interferometer  antennas,  because  they  are  oriented  on  the  mean  frequency  of  the 
intersection  of  the  source  by  the  lobes  of  the  radiation  pattern  diagram  of  an 
interferometer  built  together  with  a  phase  shifter. 
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D.  I.  Mircvitskiy,  I.  F.  Sudagyan 


In  the  present  work,  a  new  method  for  solving  an  analysis  problem  (a  primal 
problem  in  the  propagation  of  waves  in  nonhomogeneous  carrier  lines  or  media) 
based  on  the  conception  of  partial  waves  is  examined;  this  makes  it  possible  to 
determine  by  means  of  a  sufficiently  uniform  method  the  space  and  reflected  par¬ 
tial  waves,  and  as  a  consequence,  the  complete  field  and  internal  coefficient  of 
reflection  for  any  arbitrary,  nonhomogeneous  line  or  medium.  The  recurrent  rela¬ 
tionships  derived  assure  great  accuracy  in  solving  problems  connected  with  wave 
propagation  in  a  weakly  nonhomogeneous  system;  these  problems  are  usually  con¬ 
sidered  in  short-wave  approximations  (the  Wentzei-Cramers-Brillouin  method). 

These  relationships  are,  however,  good  also  with  a  shift  to  calculations  for  a 
system  with  a  sharply  expressed  dependence  of  the  parameters  on  the  coordinates, 
where  normally  long-wave  approximations  are  usually  used  (the  Born  and  Kirchhoff 
methods) . 


Introduction 

A  precise  solution  to  the  problem  of  wave  propagation  in  a  nonhomogeneous 
system  (a  line,  carrier,  or  medium)  has  been  found  up  to  the  present  only  for 
several  principles  of  variation  in  the  wave  number.  In  connection  with  this, 
different  approximation  methods  [1,  2,  3]  have  in  e  l  great  significance  by  tak¬ 
ing  account  of  the  demands  of  high  frequency  signal  technology  and  radio  physics. 
In  solving  this  problem  a  start  is  usually  made  from  the  equation  [4, 

5,  6],  which  connects  only  the  full  field  £  with  the  parameters  of  the  medium. 
This  is  explained  by  the  fact  that  the  subdivision  of  j  into  two  parts,  to  which, 
beginning  from  these  or  other  particular  considerations  [7],  may  be  ascribed  the 
sense  of  space  and  reflected  waves  in  a  nonhomogeneous  medium,  is  ambiguous  [3, 
9].  The  conception  of  partial  waves  [10,  11]  makes  it  possible  to  formulate  re¬ 
quirements  that  must  be  satisfied  by  a  partial  space  wave  a  and  a  partial  reflec¬ 
ted  wave  t  in  a  medium. 

It  is  well  known  that  the  field  outside  a  homogeneous  layer  extending  from 
0  to  a  is  expressed  as  v5Iei<^x+re-ll<:0x,  (x^0) ,  v=txei"'a^x-a\  (x>a),  where  r  and 
t  are  its  reflection  factor  and  transmission  coefficient,  and  <  are  the  wave 
numbers  for  the  left  and  right  homogeneous  half-spaces.  The  partial  space  wave 
a  should  be  transformed  into  an  incident  wave  as  it  enters  the  layer  (a=e1'0x, 
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i."i  jjva  output,  into  a  transmitted  wave  (  o=ta~^-  ’  “  ,  ::2a  • ,  .md  -hen 
;_i^s  .’1  rci iic"*--  ’.v .1  v '3  j. ~  s .i. o ll a. j.  £ ji LSI y  c c  c  c  n  <d  .i  t£ lon^i 

p  re'“‘‘‘*  ‘  :  I*  0».  £  0  <  V 

The  ratio  of  the  partial  waves  should  be  taken  (beginning  with  the 

physical  sense  of  the  functions  of  ct  and  £■)  in  the  sense  of  the  interior  reflec¬ 
tion  factor  This  factor  satisfies  the  corresponding  Riccati  equation: 

P  -v)  —  2  i  ';(->)/?  ;xi  —  yt.vi  r/f-t.v) —  !;  —  0.  ( J ) 

dart --"’l  in  the  normal  manner  [12].  ror  a  layer  (carrier  line)  with  pronounced 
boundaries  on  its  interior,  the  reflection  factor  upon  input  R(0)  should  be  con¬ 
tacted  with  an  output  reflection  factor  r(<Q)  by  the  relationship: 

,  , o>  —  r  j  [  i  —  r  r  (0)]-1 ,  r  =  r?9  — ?(0)j(?0-  ycip .  o 

here,  t(0)  and  o^  are  the  characteristic  impedances  for  the  entry  plane 
(x=-0)  and  the  left-hand  homogeneous  half-space.  At  the  layer  output,  this  fac¬ 
tor  should  be  transformed  into  the  Frer.el  reflection  factor  for  the  interface 
between  two  homogeneous  media  [c(a)  and  c  j.  For  a  stratum  with  even  input  and 
output  [o(0)=c-,,  o(a)=o  ],  the  internal  reflection  factor  should  be  transformed 

J  3 

at  input  into  a  layer  reflection  factor  R(0)  =  r(<,p,  and  at  output,  it  should  be 
equal  to  zero. 

Space  and  reflected  partial  waves  in  a  nonhomo  ger.eous  line  (layer,  stratum) 
satisfy  a  system  of  two  first  order  equations  [9,  10]: 

.  j (t  —  i k)  =  p x  | 

P'  --  {Wx  —  i/c)  =  n  )  ’ 

which  connect  the  wave  number  K  and  the  normed  gradient  v.  of  the  characteristic 
impedance  of  the  nonhomo geneous  line  with  space  a  and  reflected  ;  waves  of  the 
field  v: 

K  -  *1 1  s  -  — ~  =  —  (In  -a'  •= 

—  — 5-  [(in  ;’)*  — -  dn  *)'!.  ?=}"?•  ^ 


The  equations  (3)  derived  by  means  of  an  approximation  of  a  determined, 
smoothly  nonhomogenecus  stepped  line  [13],  for  each  j-th  jump  of  which,  with  a 

thickness  of  d.,  the  field  may  be  represented  uniquely  in  the  form 

j_<H  ^  i<xx  ^  ~ 

where  a.=A.e  3‘,  and  3.=B.e-  J  .  Here,  the  amplitude  coefficients  A.  and  B. , 
2  J  J  J  ‘  J  J 

as  well  as  the  wave  number  <j  and  the  characteristic  impedance  are  constants. 


77 


sub*  i-uant  reciprocal  substitution  of  the  stepped  lint  by  means  of  the 
smoothly  nonhomogeneous  line  (using  a  passage  to  the  limit  cf  d_.-0)  leads  to 
i  Volterra  integral  equation,  whose  differentiation  with  respect  to  the  coordi¬ 
nate  taking  into  account  the  internal  conditions  of  equations  (13)  and  (14)  in 
the  cited  work  [14]  yields  equation  (3)  in  the  present  article.  In  the  work 
cited  [9],  the  equations  under  (3)  were  derived  earlier  by  means  of  another 
method . 

In  deriving  the  system  (3),  there  was  no  assumption  as  to  the  slowmess  of 
variation  in  the  features  <(x)  and  o(x)  in  the  medium  along  the  coordinate  x, 
and  as  a  consequence,  there  are  also  no  foundations  in  the  solution  for  this 
system  to  introduce  the  small  variable  S,  writing  thus,  for  example  ([9],  p.  182), 
the  solution  for  the  wave  propagation  problem  in  a  nonhomogeneous  medium  thusly: 


TTJ  JTJ 

where  y',  and  x?  are  functions  corresponding  approximately  to  the  space  and  re¬ 
flected  waves  x  and  8,  but  not  derived  with  the  help  of  system  (3),  but  from  the 
equation  for  the  full  field  v . 

From  the  Picard  theorem  for  a  normal  system  of  first  order  equations,  it 
follows  [15]  that  system  (3)  has  a  natural  solution,  which  may  be  found  by  means 
of  series  approximations.  The  series  of  the  functions  derived  for  this  converges 
smoothly  in  the  fixed  interval,  and  as  a  consequence,  the  boundary  functions  are 
continuous.  It  is  essential  that  the  solution  to  system  (3),  generated  by  means 
of  the  method  cited,  does  not  depend  on  the  choice  of  a  zero  approximation,  and 
for  that  reason,  for  both  weakly  nonhomogeneous  media,  as  well  as  for  strongly 
nenhomogeneous  media,  it  is  possible  to  apply  the  same  calculaticnal  scheme. 

For  this,  the  solutions  normally  found  by  various  methods  ([16],  pp .  63-103) 

(short  wave  and  long  wave  approximations)  will  be  derived  by  means  of  a  completely 
uniform  method.  A  certain  increase  in  the  volume  of  calculations,  caused  by  the 
use  of  a  zero  approximation  which  is  nonoptimal  for  one  or  another  particular 
problem.  Is  compensated  for  here  by  taking  into  account  the  rapid  working  times 
of  computers  in  applications  of  one  cr  another  computation  program  for  the  vari¬ 
ous  problems  in  the  theory  of  wave  propagation. 

Cases  when  the  functions  /  (..  i  = -ix --•<  x-.\i  and  *  :: — are  not  con¬ 
tinuous  in  the  assigned  interval  o  —  0  >r *  -Y0,  require  further  study  ([13],  p.  25- 


They  are  considered  in  work  [17],  ir.  which  a  method  for  solving  the  problem  of 
wave  propagation  is  developed,  and  which  is  based  on  the  investigation  of  ampli- 
tuoe-phase  r iiac ier.ships  in  the  solution  of  the  first  order  equation: 
i '  —  p  ~ ’  •  .7 0,  rye  j  =  . :  —  i  •; %  ■>  --  J  dr  .  —  dr.  v  1 

for  a  partial  space  wave  a. 

The  Fundamental  Recurrent  Relationships 


In  the  selection  of  a  zero  approximation  Og(x)  and  3q(x)  in  any  variant  of 
the  problem,  it  is  tonvenier.t  to  begin  with  a  solution  for  a  quite  weakly  non- 
horr.ogeneous  carrier  line  (*  is  very  snail),  computing  for  this  the  number  of 
approximations  corresponding  to  the  degree  of  nonhomogeneity  in  the  line  or  layer 
under  consideration,  that  is,  the  more  approximations  there  are,  the  greater  will 
be  the  nonnomcgeneity  cf  the  line.  The  base  equations  for  finding  *qW  and  £q(x) 
are  first  order  approximative  differential  equations,  but  they  are  not  intercon¬ 
nected: 

s.-  (:<)  —  *o  (x)[*tx)  —  i  k(x)\  —  0,  p'  i\)  —  ix)[*  *.w  —  i  xi.a)  ~  i\  i"  • 

derived  from  system  (3)  by  equating  the  right-hand  portions  of  the  equations  to  /6 

zero. 


The  solution  for  equations  (5)  for  a  semi- inf inite  layer,  whose  entry  plane 
is  disposed  at  x=0,  leads  to  the  following  expressions: 


: 

20  (vt  =  aai0)  exp 

'  X 

—  ('(/.  —  i  ;c)  dx 

=  (a;  exp 

X 

i  |  K  lix 

.  5 

r 

1 

6 

(Q)K  (a)  exp 

where: 


—  i  I  xdx 


K  u)  =  [«[0)  k~'  (v>;  ' 


<6^ 


The  sum  of  these  waves,  found  at  the  zero  approximation,  has  the  form: 
to (  VI  =  M-V)  =  K  (•*) 


i  \  K  (JT,)  4x,  — 1  \  *  <  V  ^xl 

15  -?ol0)e  5 


{T) 


We  should  note  that  this  result  overlaps  with  the  expression  for  the  field 
in  a  nonhomo geneous  medium,  found  ([9],  p.  174)  by  the  VKB  [expansion  unknown] 
method  on  the  basis  of  the  equation  for  the  complete  field  t’  with  the  absence  of 
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It  is  possible  to  denonstrat 


corresponding  expressions  in  the  work  cited  [IS]. 

[19]  that  with  x=0,  the  following  relationship  holds  for  subsequent  approxima¬ 
tions  : 

V'Ot  —  s^Oi  =  ijfOi  =  .  j,(0)  -■  * .01 ' 

.  >  •  b- ) 

p„iO)  —  c> ,  1 0 >  -  =  .  .  .  -  6, i>j)  =  pi'J) 


For  this  reason,  the  solution  of  two  independent  equations  for  the  n-th 
approximation: 

•••  —  i  *>.«  j}._.  *  >i  —  p,  1/  —  i  *  (9) 


may  be  conveniently  represented  at  n=l  thuslv: 


'  >  -  Ab  vie 


—  >  \  •  i-i  <*xt 


•  \  '  1 1 .  -  ■* : 


JV  vi  A'  i  \  ■  e 


■Oi-f-  ,i  A. \  -c <  v, , e 


p;0i  --  i  c1'!  vitjie 


1 0 1 


-  1  * 


-V, 


We  shall  introduce  for  brevity  sake  the  following  notational  symbols: 


J  I  v)  -  |  /  i  v,  i  e  •>  d.r,, 

t. 

<  ■  ‘it-  i  Jr,  -*• 

J _  I x\J  f.v,i  .  |  /.  I.v,ic  dx,  ixi.vje 


\  *  <  *  j )  2 '  | 

(  vi  --  K  (  vi  c  •  .  (j  i  ;i  =  e 


Then,  the  recurrent  relationships  at  n=2  take  the  form: 

x4(.v)  =  <D. (v)  i(0i [ I  —  /_ \x)J  !.v,»|  -  jJ.Ch /_<•'.>  i  ( • 

PjOc)  =  <0_(.v)  ^ *0)  [1  -  /_( .vi/_  •  v, 1  j  —  7 10» /.  i  vi  ! 

For  the  third  approximation  (n*3),  we  get  respectively: 


!  J- 


i-ji.c  i--  0_t.w  njii”! — J—i.-.iJ  *  .V|  i .  —  ,*-•»  *_•  ••  y — *  .--I  -■  o' 

■  .  ■>  -vn  r  .  >  •  *  • 

;  j  -  •  “  ■*'  (.V  I  j,J  .*  ■[  1  '  J  l-v  g  ■•'*[!  '  •  •  ' 

It  is  not  difficult  to  find  by  induction  expressions  for  the  subsequent 
approximation  us  well: 

»  •!>„  |.V»  2  lOl  { 1  — /_  l  v»  j  i.v,  I  —  v?_  '.Vi >■. |  i  J  ;  ■.  , 

—  j) <0l  \  J  —  >  *•»  —  ./_  i.v)  J  i  v. )  /_ i  . 

Pt‘X)  «  'D_l.vj  jilO)!  1  —  J  _  I.V)  -  J.  (A].’_  .  .1 ;  i  y  .  i 

—  i (U) \j - {x)  —  j .  ui y_ uti./.  i Vjii . 

In  this  way',  we  shall  note  the  recurrent  formulas  for  positive  and  odd  ap¬ 
proximations; 

7...  i.vl  =  <D.  ix)  2iOI(  1  —  •/_(  .u  J  .  t v! )  —  .  .  . — 

-  /_(*■>/_ (.«,) .  .  .J-  \J-i  a%,_.  —  p,oi  - 

- ;.vi y_ t.vl i y_ (.vh  —  .  .  ,  —  J- tx) ./  f.v.i .  .  . y_  v.._: 

^„{.v)  =  ^(0>  [1  --  7..  (.vi;_(a,)  -  .  .  —  J  i.vi  J  -  i.v,  i 

./* i ,vv_,  i ' io>  v.  (.vi  - y. i.viy_(.v.»y.iA:» 

—  .  .  .  —  y.  i.v)  7_  (.v,1  .  .  7-;  vJr_2 
'  <.y)  =  <d_  (.v) {* (0> ; i -/-(.viy.i.v,)-  .  .  -y_i.vW-(Ai) .  . 

•  •  7-1  •rin_2  ,y+i  .V,1_1  jj  —  $  1 0)  7_  (.VI—  J-  {X)Jjr[xi\J-<xt)-  .  . 

.  .  ,-y_(.v)y.  (.tj) .  .  7- (**,)];. 
p:,  ;<v)=  <X>  _  ( -V I  j5<0l  !  —  y.(.v)y_lv,i  —  .  .  . 

■  -J+  **-}  J-  vot-i  ’  -  *  (0)  (/- 1  vi  -  y,.  i.vi  y.  (.vi)  (.vsi  - 

-  .  .  ,-y  .(.v)y_ i.Ai.1 .  .  .y..(.t„)jj. 

The  internal  reflection  factor  R=3a-1,  and  consequently  the  input  reflection 
factor  r(Ko)  of  a  nor.homogeneous  line  (layer)  connected  with  it  by  expression 
(2),  is  determined  in  the  following  manner. 

In  using  recurrent  formulas  that  describe  partial  waves,  it  is  necessary 
above  all  to  determine  the  kinds  of  approximations  for  the  partial  waves  that 
express  the  desired  internal  reflection  factor  (at  the  n-th  approximation) 
in  the  relation.  With  this  end  in  mind,  we  use  the  Riccati  equation  (1)  and 
the  linear  system  (3).  W’e  rewrite  equation  (1)  in  the  form: 

R'  _  x  _  (2  i  K  -r  *  R)  R  =  o 

and  we  shall  use  the  first  equation  in  system  (3),  which,  taking  into  account 
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to  tne 


,  may  be  represented  in  the  fallowing 


form: 


x  =  t  ►;  —  x  R. 


Then: 

R'  —  R  i  •/.  —  in  —  a  i~‘  ;  =  x.  (i3a) 

We  shall  start  from  the  determined  space  wave  ci  found  at  the  n-th  approxi¬ 
mation,  writing  equation  (13a''  with  respect  to  in  the  following  manner: 

Rn  —  /?,  1  x  —  i  /v  —  3,  *7\i  —  x.  (13b) 

Assuming  that  in  this  equation  R  =g.n  we  shall  find  the  number  of  the 

n  j  n 

j-th  successive  approximation  assuring  the  feasibility  of  the  first  equation  in 
the  base-line  linear  system  (3),  which  earlier  was  represented  in  the  form  of 
equation  (9).  Differentiating  the  expression  for  R^,  we  get: 

R-.  ~  fi  —  P;  J72. 

We  shall  introduce  this  expression  into  equation  (13a).  For  this,  £!+£. 

1 

('•<+iK)  =  i  *.  Comparing  the  equation  just  derived  with  the  second  equation  in 
system  (9),  we  immediately  establish  that  j=n+l. 


In  this  way,  the  n-th  approximation  for  the  internal  reflection  factor  is 

R  =.:  ..ci*1,  that  is,  this  is  the  relation  of  the  reflected  wave  in  the  succes- 
n  n+1  n 

sive  approximation  to  the  space  wave  taken  in  the  foregoing  approximation;  this 
situation  has  a  definite  physical  sense.  At  the  same  time,  function  R  satisfies 
the  equation  derived  from  equation  (13b)  by  means  of  substituting  into  it  the 
expression  which  is  determined  from  the  first  equation  ir.  system  (9): 


R-  -r  2  i  kR„  t  *  (^=L  ±±  —  1  j  —  0, 

which  with  S  , ,  is  transformed  into  equation  (1). 
n-i  nmi 


(U) 


A  direct  consideration  of  the  process  of  wave  propagation  makes  it  possible  / 
to  establish  the  fact  that  the  optimal  sequentiality  of  relations  cf  partial 
waves  is  the  series  including  even  numbered  approximations  for  the  space 

wave,  that  is,  In  fact,  the  space  wave  at  the  zero  approximation 

generates  a  reflected  wave  (in  the  first  approximation).  This  process  at  any 
arbitrary  point  within  the  nonhomogeneous  medium  is  characterized  by  an  internal 
reflection  factor  Ri-BjcIq-1.  In  its  turn,  the  wave  Sj,  being  reflected  in  its 
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movement  as  a  recum  wave,  creates  another  space  wave  ci2»  which  then  generates 
a  reflected  wave  In  this  way,  in  fact,  the  internal  reflection  factor  at 

the  second  approximation  is  Rj.T=S3Ci2_*  •  The  process  described  in  this  way  is 
fully  characterized  by  system  (9). 

Taking  into  account  what  has  been  analyzed  above,  as  well  as  the  tradition 
sponsored  by  applications  of  the  VKB  method,  in  which  the  zero  approximation  (an 
approximation  of  geometric  optics)  gives  two  waves  which  do  not  interact  between 
each  other  [Rq(x)-O)],  we  shall  use  the  following  notation  in  what  is  to  follow 
for  successive  approximations  of  the  internal  reflection  factor: 

=  **  =  $,*?>  **-§,>7'.  *4=-fr-.r* 

Using  the  recurrent  formulas  (10)  and  (12),  we  write: 

/?,(,«)  =  0,  R^x)  =  G(x)[Rii))-J+(x\], 

R.  (x)  =  G[x)  R  (0)  [1-/*  (-v)  J-  (Ah)!  -  [•/-  (Ah  -  •/-  <  v  J-<  a,  w'_.  >■-  • ' 

(I 

These  formulas  bring  the  reflection  factor  R(x)  at  any  instantaneous  point 
x  within  a  nonhomogeneous  line  into  conformance  with  the  exact  value  of  the  in¬ 
ternal  reflection  factor  R(0)  on  the  entry  plane  for  the  same  line.  They  are 
used  in  problems  with  an  assigned  input  reflection  factor  (and  synthesis  problems) , 
if  the  relations  in  (3)  are  justified,  establishing  that  R(0)*Rj (0) ,  where 
j-0,1,2. . . 

If  we  assume  an  assigned  X(a) ,  that  is,  the  internal  reflection  factor  at 
the  output  of  the  line,  then  it  is  necessary,  in  the  recurrent  expressions 
J^(x);  J±(x) J- (xi ) : . . .  for  the  partial  waves  entering  into  the  formulas  for 
the  internal  reflection  factor,  to  vary  the  integration  limits  (instead  of  0-x, 
use  x-a) .  For  this,  formulas  (16a)  must  be  written  in  the  following  form: 

R0  (x)  =  0,  Rt  (a)  =  Q  (x)  (R  (a)  -  /_  (All, 

Rt(x)  =  Q(x) ; R(a) [  1  — / —(a)/  +  (a,) j  [/_ (a)  /—  (x )/  i.v, 1 

X  1(1  —  /+ (a) /_ (aJJ  —  R(a)I+(x)\~‘  '  (16b) 

keeping  in  mind  that  expressions  (8)  are  transformed  in  the  following  manner:  / 

*#  (a)  =  a,  (a)  =  **  (a)  =  .  .  .  =  j,  (a)  =  i  <o>. 

M«)  =  Pi  <a)  =  P’»  =  •  ■  •  ----  P»  («'  -  P  <«)• 


83 


Here,  tie  following  symbolic  notations  are  used: 


l  2  ,  n»,)  Jr, 


!  ■  n  -  \  i  (x,)  i 


itj.  Q  i.v'i  =■-  e 


•  ii\  \  ,i,)  it,  a 


1  til/  (Xji-|MVi)e  *•  ^1  l'(V  '*  dx~. 


In  solving  problems  connected  with  determining  a  reflection  factor  according 
to  a  given  principle  of  variation  in  the  characteristic  wave  impedance  p=p(x) 
along  the  coordinate  x,  two  cases  are  usually  encountered: 

1.  A  nonhomo geneous  line  (layer,  stratum),  extending  from  :<*0  to  x=a, 
matched  with  an  input  homogeneous  line,  that  is,  one  that  has  no  reflections, 
making  it  necessary  to  find  R(x)  according  tc  a  fixed  or  assigned  p(x).  Tor 
this  case,  it  is  necessary,  once  having  defined  the  desired  reflection  factor 
and  terms  of  Rn(x),  to  use  the  following  recurrent  relations  coming  out  of  for¬ 
mulas  (16a)  with  R(0) =0 ,  and  which  remain  good  for  the  entry  plane  of  the  non- 
homogeneous  line  as  well  (that  is,  at  x*a) : 

Rtix)  G I  x)J- (xt,  (1  7 ) 

/?.(xi  =  (jiofy+ixi  — y-(x)j_(.vjy .  ix.)j(i  —  y_(x)y_(.v,)j-1 , 

R:i\X)  -  —.(.V)  —  /  -  i.V|  «  —  TVj)  y._  -- 

—  y.  (x> y_  (Xj» y .  (xt) y_ u,) y.  (x4)j  «•. 

■  [i  -  y_tx)y_(xji  —  y_(x)y+(x,)y_(x4)y^(x,)r' .  U9> 

2.  A  nonhomogeneous  line  matched  with  a  homogeneous,  input  line,  that  is, 
at  the  line  output  there  are  no  jumps  in  the  characteristic  impedances  [c(a)=oa, 


where 


>  characterizes  the  output  line],  making  it  necessary  to  find  the  R  (0) 
a  n 


connected  with  the  input  reflection  factor  r  of  formula  (2)  according  to  the  as¬ 
signed  o*c(x).  Taking  x*0  from  expression  (16b),  we  get  for  this  case  [R(a)*0]: 

Ry  (0)  ~  —  Q (0)  /_  (0),  (20) 

Rt( 0)  - -Qi0)[/_(0)~/_(0)Mx)/_(x1)}[1  -M0)/_(x)j  ,  (2!) 

Ri (fl)  -  —Q f.O) [/-  (0)  -f  /_  (0) U (x)  /_ (X,)  -  /_  (0) /_ (X)  /_  (v,)  v 
<  /+  (v,)  /_  (x,)j  { 1  -  /+  (0)  /_  (x)  -  /  .  (0)  /  _  (x)  1 .  (Xj)  /_  (x,)]-1 .  (22) 

In  a  similar  manner,  it  is  not  difficult  to  derive  from  expressions  (16a)  and 
(16b)  the  recurrent  relations  for  other  variants  of  the  problem  of  wave  propagation 


as  veil,  in  which  neither  R(0)  nor  R(a)  is  equal  to  zero.  Vie  shall  consider  an 
example  which  clarifies  the  possibilities  represented  by  using  the  formulas  sug¬ 
gested  above  for  the  solution  of  problems  in  the  analysis  and  synthesis  of  a 
ncnhomogeneous  line  (layer,  stratum).  The  generally  accepted  method  [20,  21]  for 
the  approximative  solution  to  these  kinds  of  problems  reduces  to  the  integration 
of  equation  R[i(x)+2iK(x)Rx(x)-x(x)=0,  derived  from  the  linearization  of  equation 
(1).  This  method  leads  to  the  following  result: 


-Ch  •.*,)  -u, 


R,  (v)  =  e 


/?(0»  —  jvmye 


It  is  not  difficult  to  convince  oneself  that  (x)  is  here  in  fact  the  first 
expression  from  the  series  of  relations  for  partial  waves  given  by  formulas  (15), 
as  R^(x)  =  8;  (x)o(q"1  (x) ,  where  fit(x)  is  determined  by  the  second  equation  in  system 
(10),  and  o.Q (x)  is  determined  by  the  first  equation  in  system  (6).  At  the  same 
time,  the  equation  R(0)=£(0)a“ * (0)  must  also  be  taken  account  of.  In  this  way, 
the  first  approximation  for  the  reflected  wave  3l (x)  is  the  product  of  the  partial 
space  wave  at  the  zero  approximation  aQ(x)  by  the  internal  reflection  factor  Rn(x) , 
found  from  the  linearized  Riccati  equation. 


By  means  of  manual  computation,  which  necessitates  restricting  to  a  small 
number  of  approximations  (n) ,  when  the  following  conditions  of  the  Picard  theorem 


are  a  fortiori  not  fulfilled: 


.i—i  'n  r 


it  is  advisable  and  expedient,  without  using  the  symmetrical  form  of  the  expres¬ 
sions  for  the  partial  waves,  to  eo  to  the  optimal  series  for  them.  In  accordance 
with  formula  (14),  the  following  waves  should  be  chosen  for  this: 

V  **  .V  5, . 

which  are  determined  by  the  expressions  (6),  (11),  ...  and  (10),  (12),  ...,  and 
the  full  field  is  determined  as: 

which  for  Vq  and  is  in  accordance  with  the  position  of  [1]. 


All  that  has  been  analyzed  above  holds  for  a  change  from  a  finite,  nonhomo- 
geneous  line  to  an  infinite,  nonhomogeneous  line  (medium).  This  change  brings 


1 


with  it  the  necessity  only  for  a  corresponding  substitution  of  the  limits  on 
ail  the  integral  expressions  in  the  derived  recurrent  formulas. 


The  Determination  of  the  Internal  and  Input  Reflection  Factors 


n 


We  shall  consider  a  geometrically  nonhomogeneous,  coaxial  line  with  a  homo¬ 
geneous  filler,  for  which  3<(x)/3x=0,  and  the  characteristic  impedance  is  p(x)  = 

i, 

=  ['j(x)/c(x)]  2.  The  driving  capacitance  and  inductance  satisfy  the  following  rela¬ 
tions:  £(x)=k<q1C(x),  u (x)=ktkq ‘S-1 (x) ,  and  for  this  reason,  introducing  the  normed 

function  for  the  characteristic  impedance  P (x)*p's (x) p~ 5  (0)  to  the  line  input,  it 
is  possible  in  accordance  with  formulas  (6),  (10),  and  (11),  to  write  the  follow- 


20(x)  =P(x)e,KX 

i(0),  p#(jc)  =  P(x)e-"“p{0), 

=  P  fx)  e1  ~ 

r 

2  (0)  —  p  (0)  |  x  (.tj)  e” 1  2kx%  dxL 

0 

P,(.v)  =  P(.v)e“  1  “ 

p  (0)  —  a  (0)  |'x(.r1)ei  2  w‘  dx,~\ 

b 


*  W  e~  1 2  **•  dx j  Jx  (xt/  e' 2  ”•  dxt  J  - 

0  J 


Jjyvi  -  P(x)t  “ji(0i 


jjji.vi  =  P  (x)  e~ 


:P<0) 


i  -  f  *  (xj  e'  ’  **•  dx,  y.  (x.)  e~ 1 2  dx. 


a(0)  j,*(.v1)eiJ"* 

o 


where  the  normed  characteristic  impedance  gradient  x  is  expressed  by  formula  (*♦). 


We  shall  limit  ourselves  to  a  case  where  a  section  of  nonhomogeneous  line 
is  matched  on  its  output  side,  that  is,  p(a)*o  .  For  this,  R(a)m0  and  it  is 

cl 

necessary  to  determine,  according  to  the  given  dependency  relationship  p*o(x), 
Oixsa,  the  input  reflection  factor  r  connected  with  the  internal  reflection  fac¬ 
tor  for  input  R  («o.+0), by  means  of  relation  (2).  Formulas  (20),  (21),  and  (22) 
are  good  also  for  this  case,  with  the  exception  that  the  symbolic  notation  used 
in  them  now  has  the  following  form: 

/.  (0)«j*(x)e  Q( 0)  =  e‘2“, 


86 


/  lO: 


i  (  .’i 


=  ( 


*  (  vi  e 


ax  i  /  i  .ii  i  o 


n 


For  the  sake  of  ease  in  comparing  the  method  presented  here  with  the  exact 
solution  for  this  problem,  as  well  as  with  the  normally  used  approximation  solu¬ 
tion  [9],  we  shall  choose  the  following  principle  of  variation  in  the  character¬ 
istic  impedance  of  the  nonhomo geneous  line: 

(.v )  =  (0)  e~ '  -•* .  !_’*• 

For  the  selected  principle  v.=p,  and  as  a  consequence,  it  is  possible  to  re¬ 
write  formula  (1)  in  the  form: 

R' (x)  -  2 i kR(.\;  -  p(R*(xi  -  1 1  =  0.  <-'• 

We  find  the  exact  solution  for  this  equation  by  substituting  into  it  the 
x 

expression  u(x)=exp[pjR(y)dy] .  At  the  same  time,  it  is  transformed  into  a  linear 

0 

equation  with  constant  coefficients: 

u"  (x)  —  2  i  ku  '  t.v»  —  p:  u(  v)  =  0. 

Insofar  as  the  solution  to  this  equation  has,  as  is  well  known,  the  follow¬ 
ing  form: 

u  *.v)  -  Ci  exp  [—  i  .v  \k  —  J  x-  —  'p1 ' 1  —  C.  exp  —  i  .v  x  —  I  ,v-  —  p:  . 


the  exact  solution  to  equation  (28)  may  be  represented  in  the  form: 


/?(*)  =  -- — - -  J  k'—PG,  G  —  iF  —  D)  if  -  D~  . 

P  -  P 


-  c, 

F  —  exp  ,  i  2k  l  k2  —  p:.  ,  D  ^  — 


.  > 


The  constant  of  integration  D  is  determined  from  the  boundary  condition 
R(a)=0: 


_i_  *i  r  _t_ 

D  =  _(#C*  —  p*)  —  K  [(K*  —  p1)  —  X 


exp  2  i  a  i\:  —  r-i 


For  a  semi- inf inite,  nonhomogeneous  line,  D*0.  Introducing  the  value  found 
for  D  into  expression  (29),  we  can  determine  the  desired  exact  expression: 

R( 0)  =  —  —  -  — 1  /t*  —  P*(l  —  D)(l  -  D)~  = 

P  p 

*•  ip[el2a  |j  tK__  J  p*-  ;)  . 

X  ei  *  **— p*  J— ‘ ,  (  30* 

The  module  of  this  reflection  factor  R(0)  is  expressed  as: 
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k 


'  n 

\ 


=  A  5ir.  j 


3- 


cos- 1  3'  — .  1*^ 


The  relations  determined  by  the  recurrent  formulas  (20)-(22),  taking  into 
account  (26),  have  the  following  form  in  this  case: 


/?,  (0)  =  —  e‘  * |pe_i  -*  '*  ~ *' 


iix  =  i qe-,  q^~,  c.  =  e‘ -I. 
2k 


R2{0)  =  —  e:  J ' 


P 

L  J 


|  x  t  «3  —  .r, »  .  , 

e  1  </.v,  \  e 


)»-  ■""■j 

Jx, 


i  A'(j  —  .n  , 

e  l/.v 


*» 

-i-i 


i  -  *  j. 


i  2k  i.  o  —  x  i 


V  »•  , 


>.  e 


i  IJ  —  .v,) 


"  **1 


=  \q[e-—q\2e-—2\K.ae,))[  1  —  qH2ina — ?_)]' 


Pj  iOi  =  i  q  e _  —  2qi(e~  —  i  Kae .  i  —  2<?4  [i3  —  «*u2)e_  —  3  i  xae.j 
•  1  -  q-  \2  :  kq  —  t>_)  -  ql  [—  2-c3a-  -  2  i  sa  («?_  —  !  >  —  3e_]  ~ 


For  . R  (0) | ,  we  get  respectively: 

S, 


/?,(0)j  =  AB~l  ;1  -  LM 


-I  ,21 


/?3i0):  =  ,43": 


r 


L  -  d4  (8  B»)~‘  .V 
L  .VI  -u  -1*  (8B*)-1  (S’  S  —  3, Vi 


(32) 

(33) 
1 31 ) 


Here: 


.1  •■=  ap.  B  =  uk,  S  =  sin  B,  C  =  cos  3, 

\  =  S-BC,  L  -  C  —AiS(23)~‘  ,  .\|~.4*Cl2flT 
—  S[i-/l5(2fi*)-'  j. 


The  effectiveness  of  the  recurrent  formulas  may  be  assessed  by  means  of 
comparing  the  calculation  results  according  to  the  recurrent  and  the  exact  for¬ 
mulas.  For  this  comparison,  it  is  convenient  to  use  two  methodologies  somewhat 
differing  from  each  other  and  conditioned  by  the  special  features  of  the  recur¬ 
rent  formulas  derived.  In  the  first  instance,  the  parameter  pa,  the  product  of 
the  coefficient  p  characterizing,  in  accordance  with  formula  (27),  the  velocity 
in  the  variation  of  the  characteristic  impedance  p  of  the  nonhomogeneous  line 
along  the  coordinate  x  must  be  fixed,  as  well  as  the  length  a  of  the  section  of 
nonhomogeneous  line.  In  the  second  instance,  the  parameter  p*-1  must  be  fixed; 
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it  enters  both 


into  the  exact  formula  (31),  as  well  as  into  formulas  (32)- (34), 
which  contain  the  factor  AB~*=pK-1,  characterizing  the  degree  of  nonhomogeneity 
of  the  line. 


The  first  instance  corresponds  to  the  conditions  under  which  variations  in 
the  length  a  of  the  nonhomo geneous  section  of  the  line  lead  automatically  to  a 
corresponding  change  in  the  coefficient  p.  Thus,  a  successive  increase  in  length 
that  is,  a  transition  from  aj  to  a2,  a^,  etc.,  where  <a2<a3<. . . ,  occasions  the 
necessity  for  considering  nonhomogeneous  sections  of  lines  with  the  coefficients 
Pi,  P2,  ps,  ...,  where  ?1>P2>P3>* • • ,  with  piai=p2a2=. • .=const.  Similar  condi¬ 
tions  are  encountered  frequently  in  practice,  when  the  section  of  nonhomogeneous 
line  is  disposed  between  two  homogeneous  portions  with  fixed  characteristic  im¬ 
pedances  Pq  and  p^.  In  Fig.  la,  two  sections  with  lengths  aj  and  a2  are  pictured 
together  with  corresponding  curves  characterizing  the  velocity  of  the  variation 
in  the  characteristic  impedance  in  the  nonhomogeneous  portion. 


Fig.  1.  Variation  of  characteris¬ 
tic  impedance  in  a  nonhomogeneous 
portion  of  line  for  the  cases  when: 

(a)  p iai=p2a2=const . 

(b)  pi«Ci_1=P2*2"'1=  const. 


The  frequency  relationship  |R(0)|-f(<a)  is  given  in  Fig.  2  by  the  solid 
line  with  pa-0.5.  Here,  the  broken  line  plots  the  results  of  calculations 


Fig.  2.  Comparison  of  results 
of  calculations  according  to  the 
exact  and  recurrent  formulas  for 
the  relationship  between  the  in¬ 
ternal  reflection  factor  at  input 
and  the  electrical  length  of  a 
nonhcmogeneous  line  for  the  case 
pu= const . 


according  to  the  recurrent  formula  (32),  that  is,  at  the  first  approximation. 

It  is  easy  to  see  that  only  where  Aca>l,  the  first  approximation  begins  to  give 
high  values  for  the  module  of  the  internal  reflection  factor. 

The  second  instance,  when  the  parameter  p*-1  is  fixed,  corresponds  to  con¬ 
ditions  under  which  a  variation  in  the  wavelength  (frequency)  occasions  a  cor¬ 
responding  variation  in  the  coefficient  p.  This  last  is  necessary  in  order  to 
retain  as  constant  the  jump  in  the  characteristic  impedances  (c^  and  p  )  in  the 
semi- inf inite,  homogeneous  lines.  At  the  sane  time,  the  electrical  length  (but 
not  the  geometrical  length)  of  the  nonhomo geneous  section  remains  invariant  across 
any  arbitrary  wave  or  frequency  range.  In  this  way,  the  relation  pje-1  charac¬ 
terizes  the  degree  of  nonhomogeneity  of  the  line,  that  is,  the  magnitude  of  the 
jump  in  characteristic  impedances  at  a  distance  equal  to  the  wavelength.  A 
diagram  showing  the  physical  sense  of  the  variation  in  the  parameter  p «,“*  is 
shown  in  Fig.  lb.  Here,  piKi  ‘=p2*2~ :=c 1 »  *1 a’=K232=c2 ,  with  c;  and  C2  being 
constants . 

We  shall  compare  the  computation  results  arrived  at  by  the  recurrent  formula, 
not  only  with  the  exact  results,  but  also  with  the  computations  carried  out  with 
the  help  of  other  variants  of  the  method  of  successive  approximations.  Several 
modifications  to  this  method  are  well  known.  The  most  exact  is  taken  to  be  the 
second  variant  of  the  two  described  in  the  cited  work  [9]  (pp.  194-203).  This 
variant  reduces  in  fact  to  the  solution  of  the  Riccati  equation  by  means  of  suc¬ 
cessive  approximations.  As  a  result,  it  is  possible  to  derive  the  following  ex¬ 
pressions  (see  the  Supplement): 
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i  ,  i  e 


R]y\\  = 

R'  tO)  - 

i  0)  = 


—  e_  y/.  (.vt)  !  —  R]  (.v,)j  e‘  *x*‘  ii.v„ 

X 

—  j  vRx)t-'xdx, 

a 

—  jy.  IX)  I  —  /?:  (X I  ‘  e;  dx. 


to  »> 

(37) 

(3S) 


Taking  into  account  that  ‘-<(x)  =  p,  in  accordance  with  formulas  (35)  and  (38), 
we  may  write: 

P • , .v i  -  e"  ‘  (p  e‘ 4 Jxt  »  ~  •  es  ‘  * <a —  1  j, 


p'  |(V|  =  -  ■  c  :  ■“  ,rtii - L  <in  2/CG  i  1  -f  -^—'1  —  i  sin*  xa 

i  2k  2  2>cJ  / 


(39) 

(40) 


The  second  approximation  according  to  the  method  described  in  work  [9]  will 
consequently  have  the  following  form: 


D.  ,, .  .1  r  .4*  i  i , 

1  **  ‘!  B  (Lie  2  \  2B*.1  j  ~i 

The  calculation  results  arrived  at  by  the  exact  formula  (31)  and  the  recur-  / 

rent  formulas  (32),  (33;,  and  (34),  as  well  as  according  to  formula  (41)  are  shown 
in  rigs.  3  and  4  for  the  two  cases:  (a)  a  smoothly  nonhonogeneous  stratum  (pK-i= 
=0.5),  and  (b)  a  stratum  with  an  abrupt  change  in  features  across  its  thickness 
(p<"la0.8).  The  data  used  in  constructing  these  curves  are  cited  in  the  table. 


;  sin  2B|  —  sin1  B|  '  *  (41 ) 


Fig.  3.  Comparison  of  cal¬ 
culation  results  for  ;R(0) j 
according  to  the  exact  for¬ 
mula,  recurrent  formulas, 
and  according  to  the  method 
given  in  work  [9]  for  the  case 
pK_1=0. 5. 
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Fig.  4.  Comparison  of  calculation  Fig.  5.  Relationship  of  normed  charac- 

results  for  jR(0) |  according  to  the  teristic  impedance  for  nonhomogeneous 

exact  formula,  recurrent  formulas,  line  and  the  "electric  coordinate"  <x 

and  the  method  given  in  work  [9]  for  the  cases, 

for  the  case  pK-1»0.8.  i)  pn~‘ -O.o.  ok~ '»o.$ 


Table 


*v 

i’  l 

1 

t  ; 

PI  x)  —  expi— 2.v0,5) 

1  • 

1  ; 

1 

.i  ’  *.'^PS:O.C  »«<  '• 

1 

PI x)  —  e.\pi— ix-O.S) 

*  *,.'.'<2  0 ,  i  7 

The  exact  solution  is  shown  in  the  figures  as  the  solid  line,  the  first 
approximation  by  the  line  made  up  of  dots  and  bar  sections,  the  second  approxi¬ 
mation  by  means  of  the  barred  line,  and  the  third  approximation  by  means  of  the 
line  with  smaller  bars.  The  point  curve  shows  data  for  comparison  of  the  calcula¬ 
tion  results  according  to  formula  (41).  From  an  analysis  of  the  curves,  it  emerges 
that  at  pK”'“0. 5,  the  point  curve  differs  only  slightly  from  the  curve  with  large 
bar  sections  describing  the  second  approximation  for  R2(0)  and  plotted  according 
to  formula  (33).  The  substantial  distortion  is  noted  only  in  the  area  of  the 
first  minimum  (near  the  point  <a*3.6).  However,  with  a  transition  to  the  less 
smooth  line  (p*-1**)^),  the  correspondence  noted  above  is  completely  disrupted. 
Although  the  abscissas  of  the  first  minimums  of  the  point  and  the  large  bar  curves 
almost  coincide,  the  magnitudes  for  these  minimums  are  substantially  different. 


while  it  is  not  only  the  nature  of  the  point  curve  [plotted  according  to  formula 
(41)]  that  differs  significantly  from  the  exact  curve,  but  at  <a=2.5  and  <a>4.2, 
the  module  of  the  reflection  factor  j R2 (0) |  becomes  greater  than  unity.  This 
contradicts  the  law  of  the  conservation  of  energy.  At  the  same  time,  the  maxi- 
mums  and  the  minimums  of  the  curves  plotted  according  to  formulas  (32)-(34)  for 
various  approximations,  overlap  according  to  their  magnitudes  with  corresponding 
extrema  of  the  point  curve.  The  shape  of  the  approximation  curves,  beginning 
with  the  first  approximation,  is  close  in  form  to  the  point  curve  and  differs 
from  it  practically  only  in  terms  of  the  period  of  oscillation  T(«a).  With  a 
transition  from  the  first  approximation  to  the  second,  and  further  to  the  third 
approximation,  the  period  of  oscillation  of  the  curves  goes  in  a  monotone  fashion 
to  the  period  of  oscillation  of  the  point  curve  [T1(ua)=3.2ica;  T2(<ta)=t3. 9Ka; 
T3(«a)=4. 5*a] ,  and  then  as  T  T0^H(Ka)=5. 2Ka. 

Fig.  5  shows  the  corresponding  graphs  (see  the  table)  characterizing  the 
relationship  between  the  normed  characteristic  impedance  ~^y  of  a  nonhomogeneous 
line  and  the  argument  kx  for  the  two  cases  under  consideration  (weakly  and 
strongly  nonhomogeneous  lines) . 

Conclusions 


The  effectiveness  of  the  recurrent  formulas  derived  here  is  explained  by 
the  following  facts. 


The  base  equations  (3)  for  the  method  suggested  here  constitute  a  linear 
system  of  the  first  degree,  and  they  determine  the  partial  waves  a  and  £5.  the 
full  field  ’pmat+8,  the  internal  reflection  factor  R^ga*1,  and  with  the  help  of 
(2),  the  input  reflection  factor  r..  It  follows  from  the  linearity  of  the  system, 
as  was  noted  earlier,  that  its  solution,  found  by  means  of  the  Picard  method, 
naturally  converges  uniformly  to  the  boundary  functions  (an-*a,  8n-*-g) ,  not  depend¬ 
ent  on  the  zero  approximation  chosen  (o(q,  8q)  and  the  initial  conditions  [a(0), 
8(0),  or  ct(a),  8(a)].  The  solution  for  Rn  of  the  exact  equation  (14)  tends  toward 
the  internal  reflection  factor  R,  if  the  function  Sn  has  a  limit,  and  insofar 
as  the  latter  is  always  fulfilled  at  or  *•**<»,  then  the  method  for  determining 
(from  the  recurrent  formulas  suggested)  R^  also  possesses  the  advantages  noted. 


The  method  used  in  work  [9]  converges  to  a  direct  solution  for  the  equation 
2 

R'n+2ixKn^x(l-R^  ,)  by  means  of  the  Picard  method,  which  is  required  in  carrying 
out  the  ancillary  investigations  (see  [15],  pp.  233-258,  263-276,  [22],  pp.  23- 
27). 


Recurrent  formulas  are  characterized  by  rapid  convergence,  which  is  main¬ 
tained  with  the  transition  to  strongly  nonhomogeneous  lines  (media)  with  large 
x,  as  well  as  with  a  module  of  the  reflection  factor  j Rn  j  close  to  unity;  this  is 
confirmed  by  the  examples  that  were  worked  through,  and  then  confirmed  also  in 
the  fact  that  the  method  in  [9]  assures  a  sufficiently  rapid  convergence  only 
if  x  is  small,  and  |Rn|2«l.  This  latter  holds  only  for  a  weakly  nonhomogeneous 
medium  (see  [9],  p.  200)  and  for  a  small  jump  in  parameters  or  variables  at  the 
output  of  a  nonhomogeneous  stratum. 

As  has  been  demonstrated,  the  internal  reflection  factor  R  is  a  limit,  toward 

which  the  series  R  =*3  ,  a  ,  tends.  At  the  same  time,  in  finding  R  by  means  of 
n  Kn+i  n-1  s  n  J 

the  Picard  method  for  solving  equation  (1),  it  is  assumed  that  R  is  a  boundary 
function  for  the  second  series. 

It  should  be  noted  that  with  any  arbitrary  x,  for  the  purposes  of  unifying 
the  program,  it  is  convenient  to  start  from  the  zero  approximation  derived  assum¬ 
ing  x  to  be  small.  This  makes  it  possible  to  substitute  calculation  relations 
differing  significantly  from  each  other  (VKB,  Born,  Kirchhoff,  et  al.)  in  short 
wave  and  long  wave  approximations  by  a  system  of  unique  recurrent  formulas.  This 
feasibility,  noted  above,  is  explained  by  the  advantages  brought  about  by  the 
transition  from  considerations  of  an  equation  for  the  full  field  to  a 

consideration  of  equations  for  a  partial  space  wave  a  and  a  partial  reflected 
wave  8. 

In  conclusion,  we  note  that  with  the  help  of  recurrent  formulas,  it  is  pos¬ 
sible  to  calculate  not  only  nonhomogeneous  lines  and  media  both  with  electromag¬ 
netic  losses,  as  well  a3  without  losses,  but  also  nonhomogeneous  systems  that  do 
not  allow  for  wave  propagation  [17]. 
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SUPPLEMENT 


Solution  of  the  Rlccatti  Equation  by  Means  of  the  Method  of  Successive 
Approximations 


We  transfer  the  quadratic  member  of  the  Riccatti  equation  (1)  into  the 
right-hand  member: 

A>'  (a.)  -  2  i  *  (x)  R  (x)  =  a  (x)  {1  —  R*  (Jt)l 

and  rewrite  the  equation,  in  accordance  with  formula  (17.30)  in  work  [9],  in 


the  fora: 


i  2  \k  i-V, )  Jx, 
d.X 


i  2  \  k  ixt)  dxx 


=  '•(•*)  (I  —  R*  (v)|  e  x* 


We  integrate  expression  (1*)  within  the  limits  x  to  °>  and  use  the  boundary 
condition  limR(x)=0.  Restricting  ourselves  to  weakly  nonhomogeneous  lines,  we 
use  the  method  of  successive  approximations  (see  [9],  p.  197  and  200),  taking  the 
internal  reflection  factor  to  be  small  (that  is,  |r|2«1).  The  zero  approxima¬ 
tion  Rq(x)=0  is  then  for  successive  approximations  ([9],  formula  (17.38)]: 

—  ■  \  *  (•«.>  m  I  2  i  <t  .  r, )  dx, 

R,  (A|  =  —  e  ■'*  \  *«,),■!  e  J.v,.  (2*) 


For  convenience  in  comparing  the  calculation  results  by  means  of  this 
method  with  the  calculations  according  to  the  recurrent  formulas  in  the  article 
for  the  case  under  consideration  of  a  nonhomogeneous  line  matched  at  its  output 
(x»a),  it  is  necessary  to  integrate  expression  (1*)  not  over  x  to  «,  but  over 
x  to  a,  and  to  use  the  boundary  condition  R(a)*0: 


i  2  \  t  (*t>  dx, 


x, 

I  2  (  it  (r,>  dx, 


Rn  (*)--«  '*  Jx(x,)  [!-«*_,(*,)]  «  **  <3*> 

X 

In  accordance  with  [9]  (p.  204),  we  take  Xq=0,  that  is,  we  presume  that  an 
arbitrary  observation  point  is  located  on  the  entry  plane.  Then,  instead  of  ex¬ 
pression  (3*),  we  have: 


—  i  2 . « •«,.  ■/*, 


R i <*) = 


j  *(i,)  !  —  i 


In  work  [9]  (p.  200),  the  internal  reflection  factor  was  taken  at  the  input 
to  the  nonhomogeneous  line  (x=0),  that  is,  Rn(0),  which,  in  the  absence  of  a 
jump  in  characteristic  impedances  at  x“0  when  p(0)=*Pq,  will  in  accordance  with 
(2)  be  equal  to  the  input  reflection  factor  r.  At  the  same  time,  from  expression 
(4*) ,  we  have:  Ml 

a  *  2  |’  *  U.)  dx, 

<0)  =»  —  J  *  (xt)  [l  —  /?*_,  (x,)i  e  9  dxl.  (5*> 


In  the  present  work,  it  was  a  line  with  homogeneous  filler  O'(x)=0}  that 
was  under  consideration.  For  this  reason,  from  formula  (4*)  and  (5*) ,  we  get: 

/?„(*)=,_*-*  J  x  <*,)  { 1  _  /?2_1  (*,)]  e!  *“•  ^  (6., 


i* 

Rn  ,0)  =  -  J  x  (xx)  ff  _  /£_,  (.vt)j  e‘  **.  dxx  ■ 


(7*) 


The  computational  formulas  (48),  (49),  (50),  and  (51)  are  derived  directly 
from  (6*)  and  (7*).  At  the  same  time,  in  accordance  with  the  explanation  after 
formula  (13b),  it  was  accepted,  as  was  done  in  work  [9],  that  the  internal  reflec¬ 
tion  factor  at  the  zero  approximation1  is  equal  to  zero,  that  is,  that  Rq(x)=0. 


1The  approximation  in  geometrical  optics  that  takes  into  consideration  two  waves 
not  interacting  between  themselves. 
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METHOD  FOR  SOLVING  EXTERIOR  PROBLEMS  IN  ELECTRODYNAMICS 


M.  B.  Zakson 


A  method  for  solving  first  and  second  boundary  problems  in  electrodynamics, 
based  on  the  application  of  single  component  Hertz  vectors  (Bromvich  functions) , 
is  presented.  The  solution  to  the  primal  problems  is  demonstrated  on  the  example 
of  calculating  several  characteristics  of  planar  antennas,  and  conversely,  on 
the  example  of  synthesizing  linear  antennas. 


Introduction 


As  is  well  known  [1,  2,  3,  4],  in  curvilinear  systems  with  coordinates  £, 
n,  the  Lamd  coefficients  which  satisfy  the  Bromvich  conditions  are: 

the  electromagnetic  pole  outside  the  regions  occupied  by  the  sources  may  be  taken 
in  the  form  of  a  superposition  of  electrical  (TM)  and  magnetic  (TE)  waves  [Trans¬ 
lator's  note:  It  is  possible  that  the  author  transposed  the  symbols  "TM"  and 
"TE"].  These  waves  are  completely  determined  by  appropriate  single  component 
Hertz  vectors,  scalar  Bromvich  functions. 

As  has  been  demonstrated,  only  two  kinds  of  coordinate  systems  satisfy  the 
conditions  mentioned  here:  generalized  cylindrical  coordinate  systems  and  gener¬ 
alized  spherical  coordinate  systems.  The  Lame  coefficients  of  these  kinds  of 
systems  can  be  taken  in  the  form:  h^»M(C)hi  (£, n) ;  h^»M(S)h2(C,  n)  .  Despite  this 
restriction,  the  Bromvich  functions  have  found  application  in  solving  a  series  of 
important  problems  in  electrodynamics. 

In  the  present  work,  a  method  for  determining,  according  to  assigned  sources, 
the  electromagnetic  field  in  the  form  of  a  superposition  of  TM  and  TE  waves  is 
presented,  and  in  addition,  several  possibilities  for  solving  exterior  problems 
in  electrodynamics  for  this  case  are  demonstrated. 

Formulating  the  Problem.  Baseline  Formulas 

We  shall  search  for  an  electromagnetic  field  of  fixed  sources  in  the  exterior 
/  L 

region  limited  within  by  the  surface,  and  by  one  or  more  surfaces  s, 


determined  by  equations  of  the  form  f(5,n)=0.  At  the  same  time,  we  assume 
that  in  the  case  one  °f  the  foliowing  two  conditions  is  realized: 

E,  Is  =  °.  (I) 

or: 

Hl  -  °-  UD 

Sources  for  an  electromagnetic  field  are  found  in  the  region  restricted  by 
the  surfaces  and  5=^.  They  consist  of  the  steady  volume  currents  j,  as  well 
as  of  sources  disposed  along  the  surface  s^  in  the  case  of  condition  (I),  tan¬ 
gential  components  of  the  vector  Eq,  and  in  the  case  of  condition  (II),  tangential 
components  of  the  vector  Hq. 

In  this  way,  condition  (I)  corresponds  to  the  first  boundary  problem  in  elec¬ 
trodynamics,  and  condition  (II)  to  the  second. 

In  the  region  V&,  the  Bromvich  functions  may  be  taken  in  the  following  form 
(the  time  dependency  is  expressed  as  e4;t): 

U  (5.  t„  =  V  .4,  (;.  »,)  C  (0  | 


where  AR  and  Br  are  complex  amplitudes  of  the  respective  electric  and  magnetic 
waves,  and  the  functions  i|/n  and  qn  satisfy  the  well-known  equations  in  the  work 
cited  [2]. 


The  boundary  conditions  for  the  functions  i/'n(C,n)  in  the  case  of  conditions 


(I)  are: 


*  0; 


a:  m 

Oft, 

— i-  =0, 


and  in  the  case  of  conditions  (II) : 

d  I 

«“0:  -t  -°- 
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For  determining  the  amplitudes  A  and  Bn>  we  shall  apply  a  method  similar 
to  the  one  described  in  work  [5],  which  is  a  modification  of  the  method  of  Ya.  N. 
Fel'd  [6]. 


The  sought  for  amplitudes  are  expressed  as: 
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where  ^  is  the  surface  current  density, 

5„=  -ds. 


—  are  voltage  vectors  of  the  auxiliary  field  in  the  regions 
and  excited  at  infinity  and  satisfying  the  boundary 
conditions  (I)  or  (II)  on  the  surfaces  s  and  s^  and  the 
Wronskian: 


d: 


In  the  case  M(£)=l  (generalized  cylindrical  coordinate  system),  the  expres¬ 
sions  for  A_^  and  B_  ^  are  converted  into  the  calculational  formulas  for  the 
n  n 

excitation  of  normal  waveguides  with  ideally  conducting  walls  [5],  and  the  ex¬ 
pressions  for  and  are  converted  into  the  formulas  for  the  excita¬ 

tion  of  waveguides  with  wails  possessing  infinite  permeance. 


At  M(£)=£  (generalized  spherical  coordinate  system),  the  expressions  derived 
can  be  applied  in  the  theory  of  antennas.  These  relationships  may  be  directly 
employed  for  solving  primal  and  inverse  problems  in  electrodynamics. 
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Applications  of  the  Relationships  Derived  in  the  Theory  of  Antennas 


The  results  derived  may  be  applied  both  in  the  general  theory  of  antennas, 
as  well  as  in  calculating  characteristics  of  several  types  of  radiating  devices. 

The  representation  of  an  electromagnetic  field  of  an  antenna  in  the  form  of 
the  superposition  of  TE  and  TM  waves  creates  in  a  series  of  cases  additional  pos¬ 
sibilities  for  investigations,  calculations,  and  the  physical  treatment  of  pheno¬ 
mena  in  the  theory  of  antennas. 

We  shall  examine  the  field  of  a  planar  antenna  disposed  within  the  limits  of 
a  sphere  with  a  radius  whose  center  is  the  zero  point  of  the  spherical  coordi¬ 
nate  system  r,  0,  $.  It  is  apparent  that  the  electromagnetic  field  of  diffraction 
antennas  in  the  form  of  apertures  of  any  arbitrary  shape  in  an  infinite,  ideally 
conducting  plane  with  a  fixed  field  satisfies  condition  (I),  and  that  condition 
(II)  is  met  by  a  field  of  infinitely  thin,  planar  continuous  and  discrete  radia¬ 
tors  with  a  fixed  current  density  jg.  The  section  of  the  plane  occupied  by  the 
antenna  aperture  is  the  surface  s^  in  this  given  case. 

In  a  spherical  coordinate  system,  the  Bromvich  functions  have  the  form: 


tv.  e.  <f,~  V  V41  kr  H^1(knPr< cosecs: 

I  ;r=0  2. 

IV,  0,  <f)  =  V  kr  //'■^_i_(V)/>r,(C0S6)smm' 


Denoting  U;m  =  j/_Le  '  2  A,m,  b,w~  '  2  B,m. 


we  derive  the  following  expressions  for  the  Bromvich  functions  in  a  further  zone: 


»  1 

-  I  kr  V>  V 


LV,  0,  cf)  =  e  1  '  V  V  a,„  PT'  (cos0)c«  Z  * 


V  (r,  0,f)  =  r"'VV  b,m  P['n)  (cos  e£K  3 ! 


The  amplitudes  A^m  and  may  be  calculated  according  to  (4) ,  after  which 
the  Bromvich  functions  may  be  found,  and  then  consequently,  both  in  the  further 


zone  [see  expression  (6)],  as  well  as  in  the  near  zone  [according  to  formula 

(5)]. 


The  expressions  derived  in  this  way  make  it  possible  also  to  calculate  the 
full  radiating  power: 


i**i  l  -f“  ^  ' 

-  2  V  (]  Mi  P-  V  4  ■ 

a  _  mi!  V  '  :J  1  ">l  '  •  1  m>  n 
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At  the  same  time,  it  is  necessary  to  take  into  account  that  A>  '=0  and 

BpV-O.  ° 

L0 


We  shall  examine  in  further  detail  linear  antennas.  We  shall  analyze  the 
case  of  an  infinitely  thin  wire  antenna  of  length  L,  disposed  along  the  z-axis, 
with  current  I(z).  Its  center  is  disposed  as  the  center  of  a  spherical  coordinate 
system.  In  this  case,  m=>0  and 


The  magnetic  field  for  these  kinds  of  antennas  in  the  far  zone  may  be  repre¬ 
sented  in  the  form:  , — 

4  V  A.  A; ,  . 
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The  amplitudes  of  the  electric  wave  types: 


j  / 1:)  o  _  (;)  d; 
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the  value  of  the  z-th  component  of  the  electric  field  vector  of  the  wave  TM^q 
along  the  z-axis. 


J  •  i  A  r  i 
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In  che  case  of  an  even  current  distribution  [symmetrical  antenna  with  cur¬ 
rent  I(z)=I(-z)],  only  odd  waves  l=2q+l  remain,  and  the  expression  for  the  ampli¬ 


tudes  takes  the  form: 


A.  .  -  60 r 


(*-4r\ 


If  the  antenna  consists  of  N  discrete  radiators  (dipole)  of  length  dL  with 
currents  In,  disposed  at  the  points  zn,  then  the  amplitudes  are: 

.v  _L  ' 


A,~  lor.  (21  ~  1)  '  r,n 


where  p„  —  / ndL. 

With  a  symmetrical  array  and  even  N: 


A,.  .  =  60 


J  _^(k:n) 


(fen) 


We  shall  examine  briefly  the  problem  of  the  number  of  wave  types  that  must 
be  taken  into  account  in  the  calculation.  As  was  shown  above,  a  radiator  p  dis¬ 
posed  at  point  z  excites  an  1-th  wave  type  with  the  amplitude: 

A,  =  15-  (2/  -  1) - - —  r- 


If  kz»a(l-Hj)  (0<a<) ,  then  In  accordance  with  [7],  we  get: 

_  I  <  -  —  |  ’ 

,  _  l.'i  |  J.T  lit'?  2 

~ -  - - -  p,  IK 

**  I:  <1  — 


where  £»/l-a2 . 


It  is  obvious  that  at  l>kz,  with  an  increase  in  the  index  1,  the  wave 


amplitude  abruptly  decreases.  In  this  way,  in  addition  to  the  wave  types  with 
indices  less  than  kz,  there  are  practically  sufficient  restrictions  in  terms  of 
only  a  few  wave  types  having  indices  greater  than  kz. 

Consequently,  if  we  take  into  consideration  a  linear  antenna  of  length  L 

whose  center  is  disposed  at  point  z=0,  then,  as  a  rule,  it  is  possible  to  restrict 

kL 

oneself  to  wave  types  with  amplitudes  whose  indices  are  smaller  than  -*-+(2  to  4) . 

An  exception  involves  cases  with  superdirective  antennas  ("small-dimension  anten¬ 
nas"),  where  it  is  necessary  to  consider  waves  of  higher  types  with  larger  indices. 
The  high  directionality  in  these  kinds  of  antennas  is  caused  by  the  excitation  of 
these  kinds  of  waves.  In  order  to  derive  the  necessary  amplitudes  of  the  higher 
wave  types,  the  value  of  the  current  I  (or  p)  in  these  kinds  of  antennas,  as  fol¬ 
lows  from  formula  (13),  must  be  sharply  increased  in  comparison  with  antennas  of 
normal  dimensions.  However,  the  necessity  of  observing  the  required  relationship 
between  amplitudes  of  all  existing  wave  types  (including  also  low  wave  types) 
leads  to  a  feature  characteristic  for  these  kinds  of  antennas  of  variable-phase 
current  distribution  along  the  antenna  and  supplementary  increases  in  the  current 
amplitudes. 

The  Synthesis  and  Design  of  Linear  Antennas 


As  was  mentioned  above,  the  relationships  derived  may  be  applied  in  solutions 
for  inverse  problems  in  electrodynamics,  that  is,  a  determination  of  a  principle 
of  source  distribution  according  to  assigned  fields  in  space.  We  shall  examine  (c. 

the  essence  of  the  solution  method  for  these  kinds  of  problems  using  the  example 
of  the  synthesis  of  discrete,  linear  antennas.  For  the  sake  of  simplicity  of  ex¬ 
planation,  we  shall  limit  ourselves  to  cases  of  symmetrical  radiation  pattern 
diagrams,  for  which  the  Bromvich  functions  contain  only  odd  wave  types. 

Introducing  the  variable  x“cos9,  we  represent  the  fixed  radiation  pattern 
diagram  in  the  form  of  an  angular  multiplier  of  the  Bromvich  function  U(x)^L2 
l-l ,  1].  At  the  same  time,  as  is  well  known,  the  function  U(x)  may  be  interpreted 
in  the  sense  of  a  convergence  on  the  average  along  the  section  [-1,1]  to  a  series 
according  to  Legendre  polynomials.  In  this  way: 

M 

C(x'  ~  ,v>- 
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We  shall  introduce  the  coefficients  -i  1  JLi— i,v 


The  3romvich  function  for  the  given  field  in  the  far  zone  takes  a  form  cor¬ 
responding  to  expression  (6)  for  the  case  m*=0: 


We  represent  the  linear  antenna  being  synthesized  in  the  form  of  a  series 


of  N  dipoles  disposed  at  the  points  ±zn*  The  amplitudes  l11  this  case  are 


determined  by  expression  (12),  and  the  problem  reduces  to  finding  the  values  of 


Above  all,  we  should  note  the  possibilities  for  an  approximation  solution  to 


the  problem.  Taking  the  given  function  U(x)  in  the  form  of  a  finite  series: 


I  It 


and  assigning  a  number  of  dipoles  N»2Q  in  the  antenna  being  sought,  such  that: 


(kz„)  - 


we  reduce  the  synthesis  problem  to  solving  a  system  composed  of  Q=-  equations 
with  the  same  number  of  unknown  p  . 


From  what  has  been  analyzed  above,  it  follows  that  in  determining  the  number 
N,  it  i3  necessary  to  take  into  account,  in  particular,  the  dimensions  of  the  an¬ 
tenna,  in  order  that  the  waves  excited  by  the  antenna  being  synthesized  with  ampl 


tudes  A. 


2q+l 


jj  can  be  ignored.  It  is  especially  necessary  to  take  care  in  doing 
this  and  in  checking  for  the  synthesis  of  superdirective  antennas. 


It  should  be  noted  that  this  method  of  solution  can  also  be  convenient  for 
synthesizing  nonequivalent  arrays. 


For  the  synthesis  problem,  it  is  also  possible  to  apply  a  method  of  solving 
a  system  of  linear  equations. 
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bre  take  the  given  function  U(x)  in  the  form  of  a  finite  harmonic  series: 


Ci a)  2.  C«  C.nnax, 

.15=  I 


where  a=— ,  T  being  the  expansion  period: 


C„  —  \  U<x)  sin  naxdx. 
T  v 

T 


Equalizing  the  right  members  of  expressions  (14)  and  (17)  to  each  other, 
multiplying  them  by  Pgq+l^5^'  and  Integrating  with  respect  to  x  across  the  inter¬ 
vals  -1  to  +1,  we  get,  taking  into  account  [8]: 


*T  '  /  3  («"> 


then: 


Comparing  the  derived  expression  with  formula  (12),  we  note  that  if  kzn*an, 
:  P’i  =  —  •  ov) 


The  antenna  being  synthesized  in  this  case  is  an  equivalent  array  of  dipoles 
disposed  at  the  points  zn=±-£-. 


The  antenna  length  L*— . 
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OPTIMAL  DIFFERENTIAL  ELECTRIC  FIELD  DISTRIBUTIONS  IN  AN  ANTENNA  APERTURE 
R.  A.  Konoplev,  L.  N.  Zakhar 'ev 

Formulas  are  derived  for  optimal  field  distributions  in  an  aperture  assuring 
the  maximum  magnitude  and  slope  for  the  major  lobes  in  a  differential  radiation 
pattern  for  a  broad  class  of  antennas. 

Introduction 

This  article  is  dedicated  to  finding  optimal  field  distributions  in  an  an¬ 
tenna  aperture  creating  a  radiation  pattern  of  the  differential  type.  The  ampli¬ 
tude-phase  electric  field  distribution  is  optimized  in  accordance  with  the  demands 
to  generate  maximum  values  for  the  slope  in  an  equisignal  direction  and  amplitudes 
for  the  main  maxima  in  an  antenna's  differential  radiation  pattern. 

Optimal  electric  field  distributions  make  it  possible  to  find  the  maximum 
possible  achievable  parameters  for  antenna  equipment.  Comparing  them  with  param¬ 
eters  derived  from  actual  equipment,  it  is  possible  to  give  an  objective  estima¬ 
tion  of  the  quality  of  development.  Together  with  this,  an  optimal  distribution 
may  serve  as  a  limit, towards  which  there  is  a  convergence  in  selecting  an  actual 
distribution.  In  several  cases,  for  example.  In  constructing  multielement  antenna 
arrays,  the  optimal  distributions  can  be  directly  applied. 

A  large  number  of  articles,  written  both  in  the  USSR  and  abroad,  is  dedicated 
to  the  problem  of  optimizing  electric  field  distribution  in  an  antenna  aperture. 
Thus,  in  the  works  [1,  2,  3,  A],  field  distributions  in  linear  and  round  apertures 
are  found  which  realize  a  minimum  level  of  side  lobes  and  a  maximum  kpd  [efficiency 
factor].  Several  generalizations  and  advances  have  been  generated  in  the  works 
cited  [1,  2,  and  5,  6].  In  works  [7,  8],  optimal  coefficients  of  excitation  for 
a  finite  number  of  wave  types  in  a  reflector  radiator  have  been  determined,  which 
make  it  possible  to  derive  extrema  features  for  overall  differential  radiation  pat¬ 
terns  for  a  reflector  antenna.  In  the  works  cited  [1,  9],  coefficients  of  excita¬ 
tion  for  an  equidistant  antenna  array  are  optimized. 

Some  results  in  the  present  work  are  well  known,  in  particular,  the  optimality 


of  a  linear  electric  field  distribution  in  an  antenna  aperture  for  a  maximum 
slope  in  the  differential  radiation  pattern,  and  these  results  will  be  presented 
here  only  for  the  sake  of  filling  out  the  analysis. 

Maximum  Slope  of  a  Differential  Radiation  Pattern  for  a  Linear  Aperture 

The  electric  field  distribution  in  an  antenna  aperture  creating  a  differen¬ 
tial  radiation  pattern  is  written  in  the  form  of  a  trigonometric  series: 

oo 

A(x)  =  Bnsinnr.v,  (I) 

r*=»  I 

where  x  is  the  relative  coordinate  in  the  antenna  aperture,  Bn  are  unknown  con¬ 
stant  coefficients. 


The  radiation  pattern  R(u)  corresponding  to  distribution  (1)  may  be  calculated 
using  the  integral  relationship: 

i 

/?.*)  -  J  A  (a)  e'^Jx,  12) 

—i 

2  TT 

where  u=<asin0,  is  the  wave  number,  a  is  half  the  antenna  aperture,  and  0  is 

an  angle  taken  from  the  normal  to  the  antenna  aperture. 


Substituting  expression  (1)  into  formula  (2),  and  integrating  it,  we  get: 


Riu)  =  -ti-  sin 


«Y(-ir 


nBn 


«M»  a)* 


(3> 


Differentiating  this  expression  with  respect  to  u  and  taking  u**0,  we  find 
a  formula  for  the  slope  of  the  differential  radiation  diagram  S  in  the  equisignal 
direction: 


S  -= 


I 


I4> 


The  coefficients  B  must  satisfy  the  normalization  condition  J  (v)c/r»Pt. 
n  _i 

Here,  p^.  is  the  full  power  radiated  (received)  by  the  antenna.  In  what  is  to 
follow,  we  shall  take  P^-l.  At  the  same  time,  the  normalization  condition  may 
be  written  in  the  form: 

(  A*i\)Jx  l. 


Taking  formula  (1)  into  account,  this  condition  is  expressed  as: 


The  Lagrange  method  is  used  for  finding  the  conditional  extremum.  We  shall 
introduce  the  new  function: 

-IM  S,,  \i)  =  FiB  .)  •<  g.  (?) 

where  g=IB^-l  is  the  normalization  condition,  y  is  an  undetermined  multiplier. 


The  condition  of  the  function  extremum  4>(Bn,y)  yields  a  system  of  equations 


with  unknown  B  and  u: 

n 


*-0|. 

dBn  I 


Using  the  second  equation  from  the  system  so  generated,  we  determine: 


S— - it—  IV  — 

n 


The  undetermined  multiplier  y  is  found  from  the  normalization  condition: 

±r  (/*>) 


In  this  way,  the  electric  field  distribution  in  a  linear  aperture  that  as¬ 
sures  a  maximum  slope  S  in  the  equisignal  direction  is: 

.4(.v>  ,-2iVi-i  .  'Oii 


This  expression  may  be  easily  transformed  into  the  form: 


A[x)  =  l  ~  v- 


/  » 


02) 


The  linear  distribution  (12)  is  transformed  in  accordance  with  expression 
(2)  into  the  radiation  pattern: 

/?(«!)->  6  si-n-"---uco^  ,  03) 

u 1 

which  is  pictured  in  Fig.  1.  The  characteristics  of  this  radiation  pattern  are: 

5(0)=  0,82;  /«.«,=  1,07;  iW  *  2,081. 

The  value  of  S(0)  is  given  in  dimensionless  units.  The  slope  is  given  in 
absolute  units: 

5a -0,82*0.  (14) 
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Fig.  1.  Optimal  radiation  patterns  for  a  linear  aperture: 

-  —  with  maximum  slope  at  u*0; 

- -  ■  with  a  maximum  level  of  the  first  lobe. 


The  Highest  Value  of  the  First  Lobe  of  a  Differential  Radiation  Pattern  for  a 
Linear  Aperture 


We  shall  determine  the  electric  field  distribution  in  an  antenna  aperture 
by  means  of  the  conditions  for  deriving  the  greatest  value  of  the  first  maximum 
of  a  differential  radiation  diagram.  We  shall  find  an  auxiliary  function  using 
expressions  (3)  and  (6)  in  accordance  with  the  demands  of  the  problem: 


/  °*  \ 

<!> (u,  B„,  h)  =  f (uB„)  -  •» A  -  i )  =  o- 


The  conditions  of  the  extremum  of  function  4>  will  give  a  system  of  equations: 


n=  I.  2  .  .  . 

Solving  this  system,  we  find: 

_  is  .  ...  a **n U* 


B.-  —  (-  1)' 


L'l—  («  a)* 


For  finding  the  value  u*U  ,  the  corresponding  maximum  of  the  radiation  pat- 
tern,  it  is  necessary  to  solve  a  quite  complex  transcendental  equation  ^j*0,  in 
which  the  coefficients  have  the  optimal  values  (17).  However,  this  problem  may 


be  resolved  by  means  of  a  simpler  method.  In  fact,  the  coefficients  found  accord¬ 
ing  to  formula  (17),  with  an  accuracy  to  within  the  value  of  the  constant  multiplier, 
are  in  agreement  with  the  coefficients  of  an  expansion  of  the  function  into  a 
Fourier  series: 


A  lx)  ~  X  sin  Vx.  I'  =  i  , 


From  condition  (5),  it  follows  that: 


.V  = 


i  /  i 

y  2r 


’.9) 


The  radiation  pattern  corresponding  to  the  distribution  according  to  (18) 
has  the  form: 

R(u)= — — - '  : ,  ,20) 


i  r  s*°  — V) 

sin  (u  +  l  ) 

fx  sin  21 '  “  — 1 

u  -T  i 

2f 


It  is  now  necessary  to  determine  the  optimal  value  of  V  and  the  value  u 
to  which  corresponds  the  maximum  of  the  radiation  pattern.  From  considerations 
of  symmetry,  it  follows  that  expression  (20)  reaches  a  maximum  at  V-u.  In  this 
way,  it  is  sufficient  to  determine  the  maximum  of  the  function  in  the  following 


manner: 


/?(uV')Uv  =  y'  l  — 


sin2r 

»* 


1 21 1 


Taking  the  derivative  of  expression  (21)  equal  to  zero,  we  arrive  at  the 

transcendental  equation:  . 

H  tg  2V  =»  2V ,  1 22 1 


the  solution  to  which  is  V-2.247.  This  solution  could  have  been  generated  directly 
from  the  system  of  equations: 

R’u(u,  V)  =  Q,  Ry(u,  V)-0|.  (23) 


It  is  easy  to  convince  oneself  that  this  is  the  case  if  the  value  u*V«2.247 
be  substituted  into  equation  (23).  The  optimal  radiation  pattern  is  shown  in  Fig. 

1.  Its  basic  parameters  are:  S(0)*0.78,  R^“1.103,  UM«2.247. 

Maximum  Slope  of  a  Differential  Radiation  Pattern  with  a  Round  Aperture  /9 

We  shall  examine  a  planar  round  aperture,  in  which  an  arbitrary  field  is 
assigned: 


f 
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A  \r,  <i ) 


( Aml  cos  m  9  -  Bmt  sin  m  <p  Jm  1 24) 


where  B  ^  are  unknown  coefficients,  Jffl  is  the  Bessel  function,  is  the 


1-th  root  of  the  equation  Jm(x)=0. 


The  radiation  pattern  (Fig.  2)  may  be  written  in  the  form: 


*  I 

D  (6.  i)  =  J  J  A  (r  <p) e,“''0,(f-i)  rdrd  <p, 


where  u=<asin0;  a*l. 


Fig.  2.  Round  aperture. 


We  shall  examine  the  radiation  pattern  in  a  fixed  plane,  for  example  in  the 


plane 


«  l 

R  (“)  -  j  J  4  (r  <p)  e  rdrd  9.  (26) 


In  this  plane,  only  those  members  of  the  amplitude  distribution  (24)  which 
contain  the  multiplier  sinm^  have  an  influence  on  the  formation  of  the  differen¬ 
tial  radiation  pattern,  and  for  this  reason  we  get: 

0.  (27) 

Taking  expression  (27)  into  account,  the  radiation  pattern  may  be  expressed 
thusly:  r  .  _  (*■/)  •/„  (u) 


-  y .  (28) 

1  waJ  Jmi  “  —  3  mi 


It  is  clear  from  this  that  only  odd  numbered  harmonics  contribute  to  the 
differential  radiation  pattern.  We  shall  calculate  the  slope  of  the  radiation 
pattern  [formula  (5)]  in  the  equisignal  direction.  Taking  into  account  that: 

®  whenm  *  * 

^'(0)=  ,  .  (29) 

—  rft  =  J 
2  when 
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we  gee: 


5  =  f\Q)  =  —  r.i  V 


The  normalization  condition,  similar  to  condition  (5),  is  written  in  the 
form  in  this  case: 

^  f  A*(r,  <f)rdrd <y  =  — 

—T.  5  J 

In  order  to  determine  the  coefficients  assuring  a  maximum  slope  S,  we  con¬ 
struct  the  auxiliary  function: 

~  F  (Bu) -i- <i  g,  1 32> 


30 

lere  g—-~  •-  1  =  0. 


In  accordance  with  the  Lagrange  method,  we  have  the  system  of  equations: 


whose  solution  is  found: 


Bu  -  -  — 


i  1 


In  this  way: 


,4(r<p)  - - —  5in tf  -1  ~  —  .  <35) 

*  sm 4>wAt*w) 

0 

From  a  comparison  of  this  expression  with  the  well-known  expansion: 

r  2  V  ■MilL'L  (36) 

mmi 

l* 

it  follows  that  with  the  normalization: 

^(r<p)  ~  -~r?in<p  -  y  ,  <37) 

with  an  accuracy  to  within  the  value  of  the  constant  multiplier,  this  expression 
is  in  agreement  with  the  optimal  amplitude  distribution  of  an  antenna  having  a 
linear  aperture.  The  radiation  pattern  corresponding  to  distribution  (37): 

R(„)=.4 

Is  pictured  in  Fig.  3.  The  basic  parameters  of  this  graph  are:  S(0)-0.88; 
f  -1.26;  U  -2.3. 

n  tu 
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Fig.  3.  Optimal  radiation  patterns  for  a  round  aperture: 

-  with  maximum  slope  at  u=0; 

-  with  a  maximum  level  of  first  lobe. 


Maximizing  the  Amplitude  of  Che  Major  Lobes  of  a  Differential  Radiation  Pattern 


We  shall  turn  once  again  to  a  radiation  pattern  [formula  (28)]  formed  by  an 
arbitrary  electric  field  distribution  [formula  (24)]  in  a  round  antenna  aperture, 
and  we  shall  select  amplitudes  Bm^  of  the  field  disposition  in  the  aperture  in 
such  a  way  that  when  fulfilling  the  normalization  condition: 

m  m  ! 

g  -  2  —  *A|  J  I  =  0  (39) 

mall o  o 

a  round  aperture  will  create  a  differential  radiation  pattern  with  a  maximum  am¬ 
plitude  of  the  major  lobes.  As  earlier,  we  shall  use  the  Lagrange  method  and  in¬ 
troduce  the  auxiliary  function: 

0(Bml,  u,\i)  =  f(u,  Bml)~pg. 


Setting  the  derivative  of  the  auxiliary  function  in  terms  of  Bml  ,  u,  and  u 
equal  to  zero,  we  generate  a  system  of  equations  for  finding  B^,  and  u  (U^  is 
the  value  corresponding  to  the  direction  of  the  principal  maximum  of  the  radiation 
pattern): 


d*  _  o 
dBml  ’  du 


0,  g  -  0 


/• 


From  this  system  of  equations,  it  follows  that: 


/ 
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In  expression  (40),  the  value  V=U^  is  the  solution  to  the  transcendental 
equation  derived  by  substituting  the  found  values  of  into  the  equation  — . 

The  solution  to  this  equation  represents  substantial  difficulties;  however,  the 
value  V  may  be  found  by  means  of  an  indirect  method. 

It  turns  out  that  if  the  function: 

A{r.  (f)  =  sin  (\'r  sinq)  >4!) 

is  expanded  into  a  series  similar  to  series  (24),  the  coefficients  of  the  expan¬ 
sion  derived  with  an  accuracy  to  within  the  value  of  the  constant  multiplier  are 
in  agreement  with  expression  (40).  From  this,  it  follows  that  the  electric  field 
distribution  (41)  is  optimal,  that  is,  it  assures  a  maximum  value  for  the  first 
lobe  in  the  differential  radiation  pattern.  The  radiation  pattern  corresponding 
to  the  optimal  field  distribution  has  the  form: 

l  2-i  pt  (u  —  1)  Ji  tu  -  l  >1  . 

{  _  At2V;)  L  '  •  ’ 

The  value  v=uMaKC  is  determined  in  the  same  way  as  in  the  foregoing  case. 

We  take  u=V  and  find  the  value  V  at  which  R(V)  reaches  a  maximum  value. 

For  this,  we  solve  the  equation: 

M(V)  ...  *  |  f  .  iV  (43| 

dv  dV  \Y  2  X  T  I 

This  equation  reduces  to  the  transcendental  equation: 

,/1(2n  =  —J3v2V),  i4-4) 

from  which  it  follows  that  V=2.568.  Thus,  the  value  for  the  first  maximum  of 
the  radiation  pattern  is  RM(u)=1.33,  and  the  slope  of  the  radiation  pattern  in 
the  equisignal  direction  is  S(0)“0.82. 

The  graph  of  the  optimal  radiation  pattern  is  presented  in  Fig.  3. 

The  Case  of  an  Arbitrary  Aperture 


Comparing  the  results  derived  earlier,  it  is  not  difficult  to  note  that  the 
character  of  an  optimal  field  distribution  does  not  change  with  the  transition 


-  r 


from  a  linear  aperture  to  a  round  aperture.  A  similar  result  may  be  derived  for 
a  square  aperture.  From  this,  it  follows  that  the  optimal  field  distribution  under  /I 
consideration  here  does  not  in  general  depend  on  the  shape  of  the  aperture.  Another 
special  feature  of  the  derived  optimal  distributions  is  their  dependency  on  the 
coordinate  of  the  plane  (x=0)  in  which  the  differential  radiation  pattern  is 
formed.  This  is  explained  by  the  fact  that  the  optimal  field  distribution  must 
assure  a  maximum  orientation  in  the  plane  y*0,  which  is  achieved  with  a  uniform  field 
distribution  along  the  x-coordinate  in  the  antenna  aperture  (Fig.  2). 

We  shall  attempt  to  generalize  the  presumption  made  with  respect  to  the  opti¬ 
mal  field  distribution  for  an  arbitrary  aperture  using  the  example  of  deriving  the 
maximum  slope.  We  shall  consider  that  a  field  distribution  depends  only  on  the 
y-coordinate . 


We  shall  examine  an  arbitrary  aperture  (not  necessarily  a  singly  connected 
aperture)  whose  extent  along  the  y-coordinate  takes  up  a  portion  along  the  OY-axis 
from  -1  to  +1  (Fig.  4).  For  calculating  the  radiation  pattern  in  the  plane  x=0, 


Fig.  4.  Arbitrary  planar  aperture. 


it  is  convenient  to  introduce  an  equivalent  aperture  with  respect  to  the  y-coordi¬ 
nate  (Fig.  4).  The  shape  of  the  aperture  will  be  described  essentially  by  means 
of  the  positive  function  ^2(y).  Then,  the  radiation  pattern  in  the  plane  under 

consideration  may  be  represented  in  the  following  form: 

+i 

R  (u)  =  j  f  A  (.r,  y)  e'“1'  dxdy  =  $  \p*  (y)  A  (y)  elay  dy.  (45) 

s  -i 

Insofar  as  it  is  differential  radiation  patterns  that  are  being  considered 

here,  we  shall  assume  first  of  all  that: 

+i 

fl(0)=  [V(y)A(y)dy  =0.  (46) 

-i 
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From  condition  (46),  it  follows  that  the  zero  point  of  the  coordinate  system 

in  the  equivalent  aperture  should  be  chosen  in  such  a  way  that  it  overlaps  with 

the  "center  of  gravity"  of  the  adduced  distribution.  The  expression  for  the  slope 

S  at  u=0  may  be  easily  generated  from  expression  (45): 

1 

S  (0)  =  $  if*  (y)  yA  (y)  dy.  (47) 

We  shall  introduce  the  normalization  condition: 

i 

£  —  $$t(y)Ai(y)dy—  1  =  0.  ihi 

—i 

In  order  to  abbreviate  the  notation,  we  shall  denote: 

=  B(y),  y(y)y -~-<f(y).  H9) 

We  shall  represent  the  unknown  functions  B(y)  and  4> (y)  in  the  form  of  Fourier 
series: 

S'Oi  -  An  cos  n~  y  ~t~  Bn  sin  n~  y 

(■'ft  i 

“  I 

(( 1  y] ^  cos n  ~  y  —  •Pfl  s*n  n  ~  y 


Taking  into  account  formula  (50),  expressions  (47)  and  (48)  may  be  trans¬ 
formed  into  the  following  forms: 


s  (0)  =  An  \ 


g  -• 


-  0 


1 5 1  t 


In  accordance  with  the  Lagrange  method,  we  form  the  auxiliary  function: 

“  F  4-  ;»  g.  i 


The  system  of  equations: 


J±  =  o,  ±L  =  o,  *  »  o  < , 

W.  dB„  ’  8  f 


(,o3» 


makes  it  possible  to  determine  the  unknown  constant  coefficients  A  ,  B  : 

n  n 


A.  a*  — —  *5.,  B.  =  — —  if„. 

"  2>i  "  *  2^  ™ 


(54 1 


From  the  expressions  In  (54),  It  follows  that  in  the  case  of  an  optimal  elec¬ 
tric  field  distribution  in  the  aperture  B(y)  and  <f(y)  with  an  accuracy  within  the 
value  of  the  constant  multiplier,  they  should  be  in  agreement,  that  is: 


r  .  •  «» 


Biy)  =-  —  <p(y), 


or,  taking  into  account  formula  (49): 

4  /  .A  * 


My)~~  y. 

2\ x 


The  constant  multiplier  may  be  easily  determined  from  condition  (48): 

_L  =  — -=L=  .  (57) 

1  f  f 

y  j  (y) 

In  this  way,  the  optimal  distribution  assuring  a  maximum  of  the  slope  S  in 
the  equisignal  direction  does  not  in  fact  depend  on  the  shape  of  the  aperture, 
and  is  always  equal  to: 

A  ( y )  =  — 7  --  ===  •  (58) 


/T 


,l(y)  y*dy 


The  slope  S  corresponding  to  this  distribution  is: 


-/  J 


yi(y)yxdy. 


Conclusions 


1.  For  a  broad  class  of  antennas,  expressions  have  been  derived  for  opti¬ 
mal  field  distributions  at  an  aperture  which  assure  a  maximum  slope  for  a  radiation 
pattern  of  the  differential  type  and  a  maximum  value  for  the  major  lobes  of  the 
radiation  pattern. 

2.  The  phase  characteristics  of  the  field  in  the  aperture  for  assuring 
maximum  values  of  S(0)  and  R^u)  must  be  constant. 

3.  The  optimal  distributions  derived  depend  only  on  one  coordinate  in  the 
antenna  aperture,  the  coordinate  corresponding  to  the  plane  of  the  formation  of 
the  differential  radiation  pattern,  and  it  does  not  depend  on  the  shape  of  the 
aperture. 
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CALCULATING  THE  CHARACTERISTICS  OF  A  JUNCTION  OF  TWO  WAVEGUIDES  BY  MEANS  OF  /I 

A  RESONATING  COUPLING  APERTURE 

/•  y 

G.  A.  Jfvstropov,  A.  M.  Evseev 

A 

A  problem  in  coupling  two  waveguides  by  means  of  a  resonating  coupling  aper¬ 
ture  is  solved.  The  equivalent  circuit  for  the  junction  is  determined.  The  cal¬ 
culation  methodology  for  the  parameters  of  the  equivalent  circuit  is  cited. 

Particular  cases  of  junctions  of  rectangular  waveguides  and  a  rectangular  wave¬ 
guide  with  a  round  waveguide  are  examined.  The  theoretical  conclusions  are  com¬ 
pared  with  experimental  results. 


Introduction 


The  coupling  of  waveguides  by  means  of  resonating  coupling  apertures  is 
widely  used  in  the  creation  of  antennas  and  other  devices  for  superhigh  frequen¬ 
cies.  In  order  to  carry  out  computations  for  this  kind  of  equipment,  it  is  neces¬ 
sary  to  know  the  equivalent  circuits  for  the  various  waveguide  junctions  by  means 
of  an  aperture,  as  well  as  the  coupling  of  the  parameters  of  the  equivalent  circuit 
together  with  the  geometrical  dimensions  and  the  wavelength. 

Despite  the  fact  that  a  coupling  of  two  waveguides  by  means  of  an  arbitrary 
coupling  aperture  may  be  computed  for  the  most  part,  still  it  is  possible  to  gen¬ 
erate  a  simple  equivalent  circuit  and  computational  formulas  only  for  a  narrow 
resonating  (half-wave)  aperture. 

Works  [1,  2,  3]  are  dedicated  to  the  question  under  consideration  here.  The 
methods  for  solution  used  in  them,  however,  did  not  make  it  possible  to  derive 
formulas  convenient  for  engineering  calculations,  nor  equivalent  circuits.  In 
this  article,  a  determination  method  for  the  characteristics  of  a  junction  of  two 
waveguides  by  means  of  a  resonating  coupling  aperture  is  used;  this  method  was 
developed  in  work  [4]  for  a  rectangular  waveguide  and  aperture  radiating  into  a 
half-space.  The  results  from  work  [4]  are  generalized  for  a  waveguide  of  any 
arbitrary  cross  section  and  for  a  resonating  aperture  radiating  into  another  wave¬ 
guide. 
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The  Formulation  of  the  Problem  and  the  Method  for  Solving  It 

The  possible  methods  of  joining  waveguides  by  means  of  a  coupling  aperture 
are  presented  in  Table  1  (using  the  example  of  rectangular  and  round  waveguides). 
For  the  sake  of  simplicity,  we  shall  assume  that  in  the  waveguides  only  a  principal 
type  of  wave  may  be  propagated.  The  field  source  in  the  problem  under  considera¬ 
tion  here  is  a  wave  being  propagated  in  a  waveguide  1  or  2  and  incident  to  the 
coupling  aperture  from  the  left. 

Under  the  influence  of  the  incident  wave  (with  an  effective  amplitude  of  Aq 
and  power  Pq)  ,  a  voltage  with  a  complex  amplitude  U  is  induced  in  the  aperture. 

Once  the  coupling  aperture  has  been  excited,  it  begins  to  radiate  energy  both  into 
waveguide  1,  as  well  as  into  waveguide  2.  The  amplitudes  of  the  waves  induced  in 
the  waveguides  and  being  propagated  to  the  left  of  A  and  to  the  right  of  B  away 
from  the  aperture  are  expressed  thusly: 

^i.  2  “  k  (  P\%  2  f  i?,.  2)  P  (1) 

fl,t  a -—</(*.  j— ‘*1.  2)  j  ’ 

These  formulas  were  derived  in  work  [4]  for  a  rectangular  cross  section  wave¬ 
guide,  but  it  is  an  easy  affair  to  demonstrate  that  they  are  justified  also  for 
a  waveguide  of  any  arbitrary  cross  sectional  area.  The  parameters  p1  2  and  qj  2 
depend  on  the  geometrical  dimensions  of  the  waveguide  and  the  disposition  of  the 
aperture  on  it.  We  shall  consider  that  the  problem  of  excitation  of  each  waveguide 
by  means  of  the  coupling  aperture  with  a  voltage  U  at  the  center  has  been  resolved, 
that  is,  the  parameters  p  and  q.  „  have  been  found. 

The  power  of  the  wave  being  propagated  in  the  waveguide: 

(2a> 

where  S  is  a  coefficient  depending  on  the  shape  and  dimensions  of  the  cross 

1 ,  z 

sectional  area  of  the  waveguide  and  the  wave  type. 

In  this  way,  the  power  re-emitted  into  one  of  the  waveguides  with  power 
delivered  to  the  other  is: 


sJ 

P»*n.  1. 1  =  2Si,  jj\  (,  pi,  j  +  ql 2 )  = 


^Here  and  further,  the  indices  1  and  2  relate  to  the  first  and  second  waveguides 
respectively. 
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q  i  according  to 
formula  (15) 

S  according  to 
formula  (22) 

Q  acc.  to  form.  (23) 
qi  according  to 
formula  (15) 

S  according  to 
formula  (22) 

Q  according  to 
formula  (23) 

Pl  and  q i  accord¬ 
ing  to  formula  (11) 

S  according  to 
formula  (22) 

Q  according  to 
formula  (23) 


Pl  and  qj  accord¬ 
ing  to  formula  (11) 
S  according  to 


where: 


UQ= | U |  is  the  effective  value  of  the  pulse  height  at  the  center  of  the  aperture. 

In  this  case,  if  the  coupling  aperture  is  cut  on  the  face  end  of  the  wave¬ 
guide,  or  if  there  is  a  plunger  located  in  the  shoulders  of  one  of  the  waveguides, 
the  pulse  heights  of  the  waves  in  formulas  (1)  must  be  taken  to  be  equal  to  zero; 
this  must  be  taken  into  account  by  excluding  the  two  from  formula  (2b) . 


It  is  not  only  the  power  re-emitted  into  the  waveguide  that  is  of  great  inter¬ 
est,  but  also  the  phase  of  the  re-emitted  fields.  For  waves  re-emitted  respec¬ 
tively  to  the  left  and  to  the  right  of  waveguide  1  and  waveguide  2  (with  an  index 
of  two)  or  conversely  (with  an  index  of  one),  we  get: 

’ti.a.i  =  argU  -arctg-jp-p  2n  *•  -  -  arg  C  —  arc  <g-—  • 


The  phase  of  the  voltage  CJ  may  be  determined  by  using  the  reciprocity  prin¬ 
ciple,  from  which  it  follows  that  the  phase  shift  between  the  voltage  in  the 
aperture  and  the  wave  in  the  waveguide  remains  constant,  both  for  the  excitation 
of  the  waveguide  by  means  of  the  aperture,  as  well  as  with  the  excitation  of  the 
aperture  due  to  the  wave  being  propagated  in  the  waveguide: 


U  -=L\ 


Pi.  2  —  '  <?;,  j 

\fri2-ll.V 


arc  tg  —  arc  tg  —  . 

Pi  Pi 

'tin  =  "  +  arc  tg “  arc  tg “ 
Pi  P  s 


under  the  condition  that  the  wave  is  incident  on  the  aperture  from  the  left  in 
waveguide  1. 


Formulas  (1),  (2),  and  (4)  are  in  agreement  in  form  with  similar  baseline 
formulas  in  the  work  cited  [4].  For  this  reason,  all  the  results  of  this  work, 
including  problems  in  the  matching  of  an  aperture  with  a  waveguide,  hold  for  the 
case  when  the  aperture  is  cut  in  a  side  wall  of  an  exciting  infinite  waveguide. 


In  this  way: 
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The  power  of  the  wave  Incident  upon  the  aperture  is  taken 
unity.  The  equivalent  connection  circuit  is  shown  in  Fig.  1. 
lengths  are: 

e,-.v— a  iL_jrctg-~.  (7> 


to  be  equal  to 
The  electrical 


Fig.  1.  Equivalent  connection  cir¬ 
cuit  of  waveguies  (waveguide  being 
excited  with  aperture  in  a  side 
wall)  joined  by  a  resonating  coupling 
aperture. 


For  the  analysis  of  the  functioning  and  computations  for  the  devices  using 
the  coupling  types  considered  here,  it  is  perfectly  possible  to  use  the  methods 
analyzed  in  [5,  6]. 


If  the  aperture  is  cut  in  the  face  end  of  the  exciting  waveguide  2,  the  re¬ 
sults  of  work  [4]  are  not  applicable.  In  this  case,  the  voltage  U  may  be  found 
from  the  equation  for  the  energy  balance  having  the  form: 

P nag  =  P am  "h  P 'oipi  1  Is 

where  Pnaa”5!  2A0*  PH3n  is  determined  by  formula  (2)  and:  /i 

Porp-Si,  2\U9\'  p],  2+qi  2 — Ai)  •  (9) 

Here,  it  has  been  taken  that  the  reflection  factor  off  the  face  end  without 
an  aperture  is  equal  to  1. 


From  expressions  (2)  and  (8),  we  get: 

P  =  4e L 2 

a  (fi.  j-H)* 

g\.  3  =  "S|,  J  (  P?,  2  "T  ??,  })  ^12.  I  ) 


(10) 


The  formula  for  PH3JI  ^  2  is  in  agreement  with  the  expression  for  the  power 
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dispersed  in  the  load  for  a  double-wire  line  with  conductance  g1  2<  The  power 
reflected  from  the  aperture  [formula  (9)]  is  also  in  agreement  with  the  power 
reflected  from  the  load  g,  ,  in  a  double-wire  line,  that  is: 

•  P  =(Lz£-y. 

FnTP 

In  this  way,  the  equivalent  circuit  of  a  waveguide  with  resonating  coupling 

aperture  in  the  face  end  is  a  double-wire  line  with  load  g  (Fig.  2). 

1)2 


g  Fig.  2.  The  equivalent  connection  circuit 
of  waveguides  (waveguide  being  excited  with 
~Y  aperture  in  face  end)  connected  by  a  resonat- 

”  ing  coupling  aperture. 

The  methodology  derived  here  is  used  for  calculating  the  most  widely  used 
types  of  coupling  two  rectangular  waveguides,  as  well  as  for  connecting  a  rec¬ 
tangular  waveguide  with  a  round  waveguide.  For  this,  it  is  necessary  to  determine 
the  coefficients  p  ,  q  and  the  radiation  resistance  R„. 


Derivation  of  Formulas  for  the  Coefficients  of  Excitation  and  Radiation 
Resistance  of  an  Aperture  Cut  on  Rectangular  and  Round  Waveguides 


We  shall  examine  the  case  when  an  aperture  is  cut  on  the  side  walls  of  a 
rectangular  waveguide.  We  shall  use  the  formulas  derived  already  in  solving  the 
problem  of  the  excitation  of  a  waveguide  by  means  of  an  aperture  and  the  for¬ 
mulas  cited  in  the  accompanying  works. 


When  exciting  a  waveguide  by  means  of  an  aperture  cut  into  the  long  wall  of 
a  waveguide  and  inclined  on  the  bias  (Fig.  3a),  from  work  [4],  we  have: 
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Fig.  3.  Means  of  exciting  waveguides  by  means  of  an  aperture. 


Here: 


2 ~  ^  1  (2a,  J  ; 


Vi.  2~  K  ?i.  2 cos  ai.  2  •  a\  „ 


sin  2 


1. 


5|,  2  =  K  h.  3  COS  Xt  2  ^Sin  *1. 


the  indices  1  and  2  relate  to  the  first  and  second  waveguides  respectively  (see 
Table  1). 


The  power  2  being  propagated  in  the  rectangular  waveguide  is  connected 
with  the  effective  voltage  amplitude  of  the  electric  field  by  the  formula: 


/I 


I  < 


Pl.  1.  2°1.  2&l,  r 


02) 


where  Zn  is  the  characteristic  wave  impedance  of  free  space. 


Consequently, 


for  a  rectangular  waveguide: 
o  Pl,  2*1.  2  *1.  x 

'*>•*“  2 E  • 


(13) 


As  a  result,  from  formulas (12) ,  (1),  and  (2),  we  get: 
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2  dl,  2^1,  2  1  Pi.  I  +  AT.  2  ! 


(14) 


If  the  inclined  aperture  is  cut  on  the  narrow  wall  of  the  waveguide  (Fig.  3b), 
from  work  [7]  and  formula  (1),  we  get:  p,  ,=0, 


2.tsinat>  2  cos(f  ^»,in,»-») 
q'-2~  *3?|.  jO?.  2*,.  i  '  l-3f.  i*in’3i.  2 


(15) 


and  the  radiation  resistance  is: 


R*\  >  — 


2. 


**•  2  f*|.  2al.  2  bl.  2  *?l.  2 


(16) 


We  shall  derive  formulas  for  determining  the  parameters  p  and  q  for 

1  t  2  -1  »  2 

the  excitation  of  a  rectangular  waveguide  by  means  of  an  aperture  cut  into  the 
facing  end  (Fig.  3c).  We  shall  use  the  method  used  in  work  [8]  and  applied  in  [4]. 


The  components  of  the  fundamental  type  wave  in  a  rectangular  waveguide  are 
expressed  thusly: 


h-  -'•‘“(t  z)e 


The  minus  sign  in  these  formulas  relates  to  waves  being  propagated  in  the 
direction  of  the  increase  in  x,  and  the  plus  sign  in  the  direction  of  decrease. 


We  shall  assume  that  the  aperture  is  narrow  and  resonating,  so  that  the  volt¬ 
age  along  it  changes  according  to  the  law  e*Ucos*x.  The  wave  excited  by  the  aper¬ 
ture  in  the  waveguide  is  determined  by  expressions  (17)  (with  a  minus  sign),  if 
they  are  multiplied  by  the  coefficient  of  excitation  C.  Using  the  method  ana-  /I 

lyzed  in  work  [4],  we  get  the  following  formula  for  finding  this  coefficient: 

c-j-j 

Here  is  the  field  in  the  aperture  and  induced  by  the  aperture  in  the  wave¬ 
guide.  The  field  of  the  wave  incident  on  the  face  end  (without  an  aperture)  and 
reflected  off  of  it,  that  is,  the  sum  of  the  space  and  reflected  waves  (17)  are 
used  as  an  auxiliary  wave  field,  taking  into  account  the  fact  that  the  reflection 
factor  off  the  face  end  is  equal  to  1. 
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In  this  way, 


in  formula 


(18),  with  x=0: 
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Taking  into  account  that  the  aperture  is  narrow,  after  integrating  expres- 
(18),  we  get:  ,  , 
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The  wave  amplitude  induced  by  the  aperture  in  the  waveguide  is: 

:  *  \ 


A  =  CAo  =  U 

and  consequently: 
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Taking  Into  account  that  the  aperture  radiates  only  into  one  shoulder  of 
the  waveguide,  the  characteristic  wave  impedance  is  found  from  the  expression: 


^si,  2  — 


2 Z„ 


??,  2aT.  2  bU  2  Pi.  2 


(21) 


The  problem  of  the  excitation  of  a  round  waveguide  by  means  of  an  aperture 
cut  in  the  face  end  (Fig.  3d)  may  be  solved  in  the  same  manner  as  for  the  case  of 
a  rectangular  waveguide. 


For  the  case  of  the  disposition  of  the  aperture  symmetrically  with  respect 
to  the  radius  of  the  cross  sectional  area,  a  wave  is  induced  which  is  oriented  in 
such  a  way  that  the  vector  £  passing  through  the  center  of  the  cross  section  will 
be  perpendicular  to  the  aperture.  Expressions  for  the  components  of  the  tangent 
and  reflected  waves  in  a  round  waveguide  may  be  taken,  for  example,  from  work  [9].  /I 
Formula  (18)  for  the  coefficient  of  excitation  is  retained  in  this  case.  The 
auxiliary  field  on  the  facing  end  is  determined  by  the  expression: 

An  arbitrary  Bessel  function  can  be  expressed  [10]  thusly: 

2Ji(x)  —  M*)- 
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For  calculating  the  integral  (18),  we  take  the  Bessel  function  in  the  form 
of  a  series  [10]: 
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After  computing  the  integral,  we  get  the  amplitude  of  the  field  induced  in 
the  waveguide:  .4=  —  C - - Q , 


where: 


Q  =  — 4- V(-ir 
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where  r^  is  the  radius  of  the  waveguide. 


The  power  radiated  into  the  round  waveguide  is: 

■Q*. 


=  =  E_ - O. 


Consequently: 
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(22) 


(23) 


(24) 

(25) 


Characteristics  of  Concrete  Types  of  Junctions  of  Waveguides  by  Means  of  /I 

a  Resonating  Coupling  Aperture 

On  the  basis  of  the  methodology  and  the  expressions  cited  above,  it  is  pos¬ 
sible  to  generate  computational  formulas  of  the  conductance  and  electrical  lengths 
entering  into  the  equivalent  circuit  for  possible  types  of  couplings  or  junctions 
of  two  rectangular  waveguides  and  for  couplings  of  a  rectangular  waveguide  together 
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with  a  round  waveguide  (see  the  table).  It  should  be  noted  that  in  coupling  a 
rectangular  waveguide  together  with  a  round  waveguide  (if  the  aperture  is  cut  in 
the  long  wall  of  the  rectangular  waveguide),  it  is  possible  to  assure  radiation 
of  all  the  power  out  of  waveguide  2  into  waveguide  1  at  any  orientation  of  an  Hu 
type  wave  in  waveguide  2.  In  this  case,  the  field  phase  in  the  shoulder  Q  of  the 
rectangular  waveguide  is  equal  to  <|/,  and  in  the  shoulder  S-(-ip),  where  i p  is  the 
angle  between  the  vector  _E  passing  through  the  center  of  the  cross  sectional  area 
of  the  round  waveguide  and  perpendicular  to  the  center  line  of  the  rectangular 
waveguide. 

For  this,  it  is  necessary  to  cut  two  perpendicular  apertures  in  the  waveguides 
whose  conductances  are  equal  to  unity  (in  the  figure  in  the  table,  the  second  aper¬ 
ture  is  shown  by  the  broken  line)  with  a  concomitant  fulfilling  of  the  condition 
p i=q i ,  which  follows  from  formulas (3)  and  (10). 

Calculation  Results  and  Results  of  Experiment 

The  formulas  generated  above  were  checked  experimentally  in  a  series  of  parti¬ 
cular  cases.  The  first  case  relates  to  the  coupling  of  two  rectangular  waveguides 
by  means  of  an  aperture  in  the  narrow  wall  of  one  and  in  the  facing  end  of  another 
(Fig.  4).  This  type  of  coupling  is  distinguished  from  the  type  examined  above  in 


Fig.  4.  Coupling  of  two  rectangular  waveguides  by  means  of  a  resonating 
coupling  aperture,  experimental  study. 


that  the  cross  section  in  which  the  aperture  has  been  cut  was  not  completely 
metallically  coated,  and  the  aperture  goes  through  to  the  broad  wall  of  the  wave¬ 
guide. 


The  computational  and  experimental  relationships  of  conductance  to  the  angle  /I 

of  incline  of  the  aperture  for  waveguides  of  various  cross  sections  are  shown  in 
Fig.  5.  As  may  be  seen  from  the  figure,  the  experimental  and  computational  curves 
differ  from  each  other  markedly.  This  is  explained  by  the  nonfulfillment  of  the 


Fig.  5.  Computational  and  experimental 
relationships  of  conductance  gi  of  an 
aperture  and  the  angle  of  incline  of 
the  junction  (Fig.  4). 

(..  experimental  points)  at: 
a)  £>  b.=*b--, 

fc|  a  *=a2  &  fc  =6..; 

C)  a,=a2  & 

Key:  (1)  computational 


Fig.  6.  Computational  and  experimental 
relationships  of  conductance  and  the 
angle  of  incline  of  an  aperture  dis¬ 
posed  on  the  narrow  wall  of  one  wave¬ 
guide  and  the  facing  end  of  the  other 
(the  figure  in  the  table)  with  a  coup¬ 
ling  of  rectangular  waveguides  (ij>«90o; 
al*a2“a»  al“a2  ant*  bj=b2)* 

....  are  experimental  points* 


conditions  of  the  theory  (complete  metallization  of  the  cross  section  of  the 
waveguide  in  which  the  aperture  is  cut,  and  the  placement  of  the  aperture  com¬ 
pletely  on  the  narrow  wall  of  the  waveguide)  in  the  experimental  process.  However, 
when  the  computational  curve  is  multiplied  by  the  constant  coefficient  0.68,  the 
curves  derived  from  this  practically  overlap  with  the  experimental  curves.  In  the 
case  of  larger  angles  of  inclination,  when  the  aperture  is  completely  disposed  on 
the  narrow  wall,  the  experimental  curve  begins  to  approximate  the  computational 
curve  without  having  to  use  the  correction  coefficient  (curve  b). 


If  the  cross  section  of  the  waveguide  in  which  the  aperture  is  disposed  has 
been  completely  metallized  (the  aperture  is  completely  fitted  on  the  narrow  wall  of 
the  waveguide) ,  the  values  for  the  computed  and  experimentally  measured  conductances 
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agree  with  an  accuracy  not  less  than  2%.  The  relationship  between  conductance 
and  the  angle  of  incline  for  this  case  is  shown  in  Fig.  6. 


A  junction  between  a  rectangular  waveguide  and  a  round  waveguide  was  also  /I 

studied  experimentally.  The  coordinates  of  the  aperture  on  the  broad  side  of  the 
waveguide  and  the  size  of  the  cross  section  of  the  narrow  wall  were  computed  for 
the  conditions  g2*l  and  pi=qi.  The  resonant  length  of  the  slot  aperture,  as  in 
the  foregoing  case,  was  experimentally  selected.  For  one  aperture,  the  ksv  [stand¬ 
ing  wave  ratio]  <1.1.  In  the  case  of  a  cross-shaped  slot,  the  ksv  was  dependent 
on  the  orientation  of  the  wave  in  the  round  waveguide;  this  is  explained  by  the 
reciprocal  influence  of  the  slot  apertures,  which  was  not  taken  account  of  in  the 
calculation.  With  decreases  in  the  width  of  the  aperture,  the  relationship  o  f  the  ksv 
on  the  wave  orientation  decreased.  For  example,  for  apertures  with  a  width  of 
1.5  mm,  the  ksv  changed  from  1.5  to  1.8. 

Conclusions 


The  formulas  for  the  calculation  of  the  characteristics  of  the  coupling  be¬ 
tween  two  waveguides  by  means  of  a  resonant  coupling  aperture  derived  in  the 
article  give  a  computational  accuracy  sufficient  for  all  practical  purposes.  In 
the  experimentally  confirmed  cases,  when  the  experimental  conditions  corresponded 
to  the  base  presuppositions  of  the  theory,  the  computational  accuracy  was  not  less 
than  2%. 

The  formulas  derived  in  this  way  make  it  possible  to  compute  the  position  and 
orientation  of  apertures  on  waveguides  according  to  fixed  coupling  characteristics. 
However,  the  calculatlonal  methods  for  the  resonant  length  of  an  aperture  are  lack¬ 
ing  with  sufficient  accuracy  in  the  cases  considered  here,  and  the  resonant  aper¬ 
ture  length  must  be  chosen  experimentally. 
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CALCULATING  FOR  A  ROUND  WAVEGUIDE  WITH  AN  AZIMUTHALLY  MAGNETIZED  FERRITE 
ROD 


R.  R.  Yurgenson,  N.  G.  Teytel'baum 


On  the  basis  of  calculations  carried  out  with  the  help  of  a  computer  of  the 
propagation  constant  of  the  principal  wave  type  quasi-Hu  in  a  round  waveguide 
with  an  azimuthally  magnetized  ferrite,  an  analysis  of  the  relationship  between 
the  differential  phase  shift  and  the  various  parameters  of  the  ferrite  and  the 
waveguide  in  the  frequency  range  is  presented.  Solutions  for  the  field  components 
of  the  electromagnetic  waves  are  derived  in  the  form  of  generalized  power  series. 
Series  and  particular  cases  are  transformed  into  Bessel  functions  or  into  a 
Whittaker  function.  Recommendations  on  selecting  parameters  for  equipment  de¬ 
signed  to  generate  optimal  phase  shifter  characteristics  are  given.  The  quality 
factor  and  losses  are  assessed  in  an  approximative  fashion. 


Introduction 


Recently,  a  series  of  works  have  appeared  in  which  a  fast-acting,  unilateral 
ferrite  phase  shifter  using  a  ferrite  with  a  rectangular  hysteresis  loop,  a  so- 
called  "bistabile"  phase  shifter  [1,  2],  and  results  of  experimental  studies  car¬ 
ried  out  are  cited.  Normally,  this  kind  of  phase  shifter  is  a  rectangular  wave¬ 
guide,  along  whose  axis  a  ferrite  tube  is  disposed,  or  a  set  of  rings  magnetized 
in  the  azimuth  direction.  It  is  controlled  by  current  pulses  passing  along  the 
conductor  loop. 

A  phase  shifter  is  distinguished  by  its  very  low  level  of  controlling  mag¬ 
netic  fields,  insofar  as  the  demagnetizing  factor  of  the  specimen  is  equal  to  zero. 
Despite  the  fact  that  a  similar  phase  shifter  has  found  wide  application  in  prac¬ 
tice,  it  has  not  been  calculated  theoretically,  up  to  this  point,  due  to 
the  complexity  inherent  in  this  problem.  In  work  [3],  the  possibility  of  creating 
a  "bistabile"  phase  shifter  in  a  round  waveguide  with  the  use  of  a  symmetrical 
magnetic  wave  (Hqi)  Is  examined.  This  kind  of  wave  is  most  favorable  from  the 
point  of  view  of  the  interaction  of  the  ferrite  with  the  SI/CSj  [superhigh 
frequency]  field  with  azimuthal  biasing.  The  authors  present  a  method  for  solving 
the  problem  and  for  calculating  the  differential  phase  shift  for  a  ferrite  tube 
attached  to  the  waveguide  walls.  Obviously,  this  disposition  of  the  ferrite  is 
far  from  being  optimal,  but  even  in  this  case,  quite  large  phase  shifts  (on  the 
order  of  0.3  rad/cm)  are  derived.  However,  the  difficulties  connected  with 
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exciting  a  symmetrical  wave  in  a  round  waveguide  significantly  lower  the  merit  / 1 

of  this  phase  shifter.  In  the  present  work,  problems  in  the  theory  and  calcula¬ 
tions  for  a  "bistabile"  phase  shifter  in  a  round  waveguide  using  the  quasi-Hu 
principal  wave  mode  are  examined. 

The  Solution  to  Wave  Equations 

The  theory  of  electromagnetic  wave  propagation  in  a  ferrite  medium  magnetized 
by  means  of  an  azimuthal  magnetic  field,  not  depending  on  the  radius,  was  con¬ 
sidered  in  some  of  the  works  cited  [4,  5].  The  authors  of  these  works  restricted 
themselves  to  the  cases  when  the  field  components  do  not  change  in  the  azimuthal 
direction.  In  work  [5],  it  was  noted  that  if  the  dependency  of  the  field  com¬ 
ponents  on  the  coordinate  angle  is  expressed  in  the  form  e*11^,  then  a  system  of 
second  order  differential  equations  is  derived  for  the  longitudinal  field  com¬ 
ponents. 

In  a  cylindrical  coordinate  system  (r,4>,z),  the  tensor  p  has  the  following 
form  for  an  azimuthally  magnetized  ferrite: 


where  y  is  the  gyromagnetic  ratio,  u  is  the  angular  frequency,  and  M  is  the 
residual  magnetization, 

.  in-4  H 

)*«  **  10  ,  m  • 

For  the  residual  magnetization  of  a  ferrite  that  is  less  than  the  saturation 
magnetization,  it  may  be  approximately  assumed  that: 

P  =  V 

From  the  Maxwell  equations  with  the  time  dependency  relationship  eiwt  and 

4  Y2 

a  relationship  to  the  z-coordinate  expressed  in  the  form  e  ,  and  a  relationship 
to  the  ^-coordinate  expressed  in  the  'form  e 1  " ,  a  system  of  equations  for  the 
longitudinal  field  components  may  be  derived  in  the  following  manner: 


where : 


i=N 


0 


0 

•J 


.VI 
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(4. 


where: 


?- 


k  WH 

p»Kr  is  the  radius  normalized  for  the  wave  number,  Jc^u^euuo-y2,  w*cb  Y  being 
the  propagation  constant  along  the  z-axis,  and  e  is  the  dielectric  permittivity 
of  the  ferrite: 


c~  «*(<*  ’  *!*■ 


0 


c  and  a  are  dimensionless  magnitudes,  with  the  prime  symbol  denoting  differenti¬ 
ation  with  respect  to  p. 

The  transverse  field  components  are  determined  according  to  the  longitudinal* 
components  in  the  following  manner: 

r  1  /  .  dEt  irnttpw  „  \ 

E'  —  Tl’TT  .  .  V 


t("' 


dp 

dEt 


dp 


“■) 


(6) 


/I 


Getting  rid  of  H  and  E  successively  from  system  (A),  we  get  differential 
z  z 

equations  of  the  fourth  order  for  the  longitudinal  field  components  having  vari 
able  coefficients  and  which  may  be  written  in  the  form: 

.  ^ 

where : 


*Here  and  in  what  follows. 


the  factor  e 


i(wt-yz+n$) 


is  left  out. 
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\ 


where: 


{j0 (o)  =  n3 <n*  —  1)  —  an1?  —  ( 2n*  —  1)  p*  +  »  p*  -f  ( 1  —  c) p4 
gi(P)  =  a?-r(4  —  c)p1 

gt(?)  =  —2  (n3—  1)  +  ap  +  (2—  c)p* 
gs(P)=4<  g*( P)=l 

2  p>.(p)^  =  o. 

.•a 


<7o  (f)  =  go  (?)  —  c  p* 

<7il")  =  2cp* 

('=2,  3,  4) 


(8) 


O' 


U0> 


n 


The  solution  of  the  homogeneous  differential  equation  (7)  may  be  expanded 
in  the  neighborhood  of  the  regular  singular  point  in  the  equation  o=*0  into  the 
series: 

*,  =  ,"*  $  4V-  (ln 

i-o 

The  roots  m^  and  the  coefficients  of  the  series  may  be  determined  accord¬ 
ing  to  the  Frobenius  method  [6,  7].  For  n-±(l, 2 , 3. . . ) ,  we  get: 

=  M  +  1;  m,  =  |rt|;  =  —  |n| -f  1;  —  |n|.  (12) 

that  is,  the  number  of  values  of  the  root  m^  is  equal  to  the  order  of  differen¬ 
tial  equation  (7). 


It  ia  well  known  from  [6]  that  if  the  difference  in  the  roots  m^  is  a  whole 
number,  then  series  (11)  is  a  partial  solution  for  equation  (7),  only  for  the 
leading  root  mi»jn|+l.  The  remaining  three  solutions  to  the  differential  equation 
are  constructed  in  the  form  of  a  more  general  series  containing  In  p. 


Insofar  as  in  the  present  case  we  are  interested  in  solutions  that  are  regu¬ 
lar  at  the  point  0*0,  solutions  containing  In  p  will  not  be  further  considered. 

The  first  partial  solution  is  expressed  thusly: 1 

(I3) 

i-o 


^ere  and  In  what  follows,  the  sign  of  the  module  on  n  will  be  left  out. 
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where  the  coefficients  are  determined  according  to  the  recurrent  formulas: 

,  •  1  — 

^  (2»+  1)2T(«  +  1) 

a  A:  -a441—^ 

Al=  ■  f(n  +  /  +  ir 

F(n+/+l)  =  (n+/4-l)(rt+/)((«+^4-2)(n-t-/— 1)— 2(n  Oh-nV1  —h 
FAn+t+V^in  +  iy-n* 

Ft{n+t+\)  -  2(«  +  /  -  1)  (n  +  0  +  (1  ~  2"*>  “ («  + 1  ~  C 

*  «  5<0  <14* 

here  T(n+1)  is  the  gamma  function. 


Substituting  the  partial  solution  yi  into  equations  (A),  we  get  the  first 
solution  for  the  system,  regular  at  zero: 


Here: 


where: 


Li:  1°  Co)  =  y„  nv  (O)  =  r/  v  Q,  pt, 

J>0 

Qi»»{(rt+/+  I)2 — n2J/}|+/4j_2. 


The  solution  to  equation  (9)  is  built  in  the  same  way  as  the  solution  to 
equation  (7).  Substituting  the  solution  found  into  equations  (4),  we  get 
the  second  solution  for  the  system,  regular  at  zero: 

TlC*7^*2,(?)  (17) 

E*-C,U &*»(p)  )' 


(is) 

T-t 

Ci  and  C3  are  arbitrary  constants;  the  coefficients  are  equal  to: 


(2n  +  l)2"r(n  +  l) 

„  a  Fi  (n-f-/+l)  Bt_i  (s+f+l)  +  ®  &1—&  +  (I- 1 e)  &i— 4  ,  09) 

F{n  +  l  +  l) 

F,(/i+/+  !)=2  *+/+  lK«+/)+(l-2n»)-[(«+/+l)("+/--l))c 

F  and  F;  are  determined  according  to  formulas  (14): 
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f  *  —  -  ■ 


fl:  =  0,  if  (<0; 

os 

U  *,*•  /'  (p)  =  p71  V  Mt  p‘. 


where: 


<M/ =[(«  +  /+  1)J — /i2}  Bt+aBi-i  +  ( 1— c)Bi-t. 

The  region  of  the  convergence  of  the  series  representing  solutions  (15)  and 
(17)  of  the  system  of  equations  is  determined  by  the  variable  coefficients  enter¬ 
ing  into  equations  (7)  and  (9)  [6].  This  region  is  an  open  plane. 


The  generalized  power  series  entering  into  expressions  (15)  and  (17)  contain 
module  n,  and  for  this  reason,  they  do  not  depend  on  variations  in  the  sign  on  n. 

In  the  particular  cases  (u  -K);  n-K)),  the  solutions  to  the  system  must  turn  /I 

into  known  solutions  for  an  isotropic  medium  or  for  an  azimuthally  magnetized 
ferrite  medium  with  radial  symmetry.  We  shall  investigate  these  cases. 


1.  In  going  to  the  limit  y  -K3,  system  (4)  decomposes  into  two  independent 

Bessel  equations  for  and  E .  In  this  kind  of  medium,  it  is  possible  that  there 

exist  two  kinds  of  waves,  TE  and  TM  waves.  If  y  -K)  (c=a=3-K>),  the  first  solution 
,  3 


(15)  gives  TE  waves: 


where: 


£,l  —  0,  Hzl  = 


lim  Tn,'  ,e>  (p)  -  71,°.'  i0t  (p)  W„  «.;« 


Jn(p)  is  a  Bessel  function. 


The  second  solution  (17),  at  y  -*0  (c-a-rrK)),  it  changes  into  TM  waves: 

a 


where : 


--=  0.  E:i  =  C3Ur,.'  2}  (;-i 
lim Un.' 2  (?)  =  iff.’ 2* (?)  =-/.(?). 


2.  In  going  to  the  limit  n-K),  system  (4)  also  decomposes  into  two  independ¬ 
ent  equations:  a  Bessel  equation  for  E and  an  equation  for  Hz  reducible  to  a 
Whittaker  equation.  This  is  the  case  of  radial  symmetry  considered  in  [4,  5]. 


I 


Applying  the  limit  n-K)  (6-n-K))  to  solutions  (15)  and  (17),  we  get  for  the 
first  solution: 


1 


M  (u)  is  a  Whittaker  function. 

x,u 


For  the  second  solution: 

,  -  0.  Ea  —  CtUo,'2e) 

where: 

lim L'l?; 2  C°)  =  £4!" 2C) (p )  =  Ja (r-j. 

n-*0 

The  transverse  field  components  in  both  cases  are  determined  according  to 
formulas  (6) . 


From  what  has  been  analyzed  here,  it  follows  that  the  solutions  to  system  (4), 
regular  at  zero,  include  among  themselves  all  types  of  waves  propagated  in  an  azi- 
muthally  magnetized  ferrite  medium.  In  this  kind  of  medium,  both  components  Ez 
and  Hz  are  always  distinct  from  zero  (with  the  exception  of  the  case  when  n“0) . 

In  Fig.  1  are  shown  graphs  of  the  following  functions: 


u[“’c)(p);  t{“;c)(p);  T1(“’c)(P)  at  n-1,  a-0.54,  c 


0.45. 


Fig.  1. 


Graphs  of  the  following  func¬ 
tions: 

ti?2°^p^  (curve  D; 

Ti!lc)(p)  (curve  2)5 

02(“]C)(P)  (curve  3); 

(P)  (curve  4) . 


Deriving  the  Characteristic  Equation 


We  shall  examine  a  round  waveguide  of  infinite  length  with  radius  a  with  an 
azimuthally  magnetized  ferrite  rod  with  radius  b.  The  electromagnetic  field 


components  for  the  dielectric  surrounding  the  ferrite  can  be  written  in  the 
form: 


Cii  —  (C,^*(Px)  -1-  Cx*# „  (Pi)} 

Hzi  =  [CiHJ ,  (px)  +  C»#Ar#  (pj)} 

£  --LL 

T/  ■?  L 

=  -y 

H  /  >+sH 

£-=~i 

V  7;  E'‘~z' 

where: 

*1  =  V  Y1,  7=~,  7=~<  .  Pi=2*ic,r 

*»  *•  - 

10"  9 

ci  is  the  relative  dielectric  permittivity  of  the  dielectric,  F/m.  The 

prime  symbol  denotes  differentiation  with  respect  to  the  argument  of  the  function; 
C2n’  C4n*  C5n’  C6n  are  arbitrary  constants.  The  field  components  in  the  ferrite 
layer  are  determined  according  to  formulas  (6),  (15),  and  (17). 


Substituting  the  expressions  for  the  field  cc^mj^onents  frojn  ^e^r  ess  ions  (6), 
(15),  (17),  and  (25)  into  the  boundary  condition^  we  get  six  equations  for  deter¬ 
mining  the  arbitrary  constants: 

C»*/  »  (pai)  +  C«»JV ,  (pul)  —  0,  I  2') 


Ca[- 

»*w. 

ph 

+  C„  [- 

-la.  (/£■*>, 

L 

?»* 

X  in 

/  -*+c 

Ci n  (Pal)  -r  C<nN n  (p_,x)  —  0, 

-  Ukl*  M  4-  pa7  It <?.,)  -  ?  «  (Hi)  j 

~  Ua,  2 1  (Pm)  —  Pj5l  T n.  2  *  (ft#*).  ~T  ■  .■*  TiV  2^  (.''(,2) 


+  ~c“f  "  »• 

Ci*  1  /  —  uh'.'  (p»») — (sx>  -*■ 

*»  V  *» 

+c»,v£,*0(?-)-cjv.(?«)  •=  0. 

*hjt  i'1  (?»*)  +  ■  ™  ”*■  2°  (Pu)  t  r  C,,A  ,r.„,  i 


-  c*  [  “  M  +  ^  nv  M  j1^  - 

[  /is  j 

-r  CUH  l/^  4(pH)-cta  f  /c^.Y’  (f«)  -  ^  nr;’  is-.*] 
K  h#  L  •<4iA  j 

x4y»l /^+Cu«!  l/ -^GW  +  C,.-^  J. 

Kj  V  (*0  F  !A0  'il 


(r-»i)  - 


-r  Ce,  — ^-  .V  „  (j-6i>  —  0. 

ft>i 


1 3 1 1 


In  equations  (26)-(31),  the  following  notation  has  been  introduced: 
Pti  =  2k  b,  pui  =>  2*  icji,  a  =  —  ,  b  —  —  , 


PM=r.2K*a^  (*,*,  =*  2k  K*a,  /c,  =  —  =  j  a,y  —  7*, 

*• 

£2  is  the  relative  dielectric  permittivity  of  the  ferrite. 


The  condition  of  the  equality  to  zero  of  the  determinant  of  systems  (26)-(31)  / 1 

determines  the  characteristic  equation  with  respect  to  the  propagation  constant 
y.  It  should  be  noted  that  the  magnitudes  ua  and  y  enter  into  the  characteristic 
equation  only  as  cofactors,  or  as  a  ratio.  For  this  reason,  the  value  of  the 
determinant  does  not  change  if  the  signs  on  ua  and  y  ate  exchanged. 

At  y^l  in  the  waveguide,  waves  of  the  waveguide  type  are  propagated.  If 
e2h>Y2>l,  the  coefficient  ki  becomes  imaginary,  and  in  the  characteristic  equation 
it  is  necessary  to  exchange  the  Bessel  and  the  Neumann  function  for  a  modified 
Bessel  function  and  a  Macdonald  function.  In  this  case,  a  surface  type  wave  will 
be  propagated  in  the  dielectric. 


Analysis  of  Calculation  Results 

The  propagation  constant  was  calculated  by  using  a  computer  for  the  quasi- 
Hji  principal  wave  type  (n»l).  Secondarily,  the  quasi-En  wave  mode,  wtn.ch  is 
most  easily  excited  within  exterior  type  waves,  was  considered. 

Functions  represented  by  the  generalized  power  series  (15)  and  (17)  were 
studied  preliminarily.  In  the  calculations,  24  initial  members  of  the  series  for 
each  function  were  taken.  At  the  same  time,  the  calculation  error  in  the  function 
was  less  than  10~7.  For  calculations,  values  of  the  dielectric  and  magnetic  param¬ 
eters  were  chosen  that  are  normally  encountered  in  actual  ferrites: 

*,*■6,  8,  10,  12;  !»•=!;  a,  **  i(0,3;  0,4);  *i*l* 
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The  geometrical  dimensions  of  the  waveguide  and  the  ferrite  varied  across 
the  limits:  ^=0.2-0. 3  with  a  step  of  0.001,  ^=0.3-0.65,  with  a  step  of  0.05. 

For  the  sake  of  generality  in  the  derivations,  all  parameters  and  values 
of  the  propagation  constant  were  normalized  to  the  wavelength. 

In  Figs.  2,  3,  4,  and  5,  the  relationships  of  the  differential  phase  shift 
-  a  b 

Ay  and  r—  for  various  values  of  e 2,  W,,  -  are  presented.  The  curves  fall  off  to 
A0  a  3  a 

the  right  for  those  values  of  r—  at  which  the  quasi-En  wave  mode  arises. 


Fig.  2.  Dispersion  characteristics 
at  £2=6; 


ua=±0. 3; 


_  ua»±0.4. 


Fig.  3.  Dispersion  characteristics 
at  £2*8; 


ua«±0.3; 


-  u  »±0.4. 

a 


As  may  be  seen  from  these  figures,  the  character  of  the  relationships  between 
the  differential  phase  shift  and  the  frequency  is  not  constant.  Along  some  sec¬ 
tions  (with  normal  dispersion),  with  an  increase  in  frequency  the  values  of 


Fig.  4.  Dispersion  characteristics  Fig.  5.  Dispersion  characteristics 
at  £2S“10;  at 

-  u  -±0.3;  - - u  =±0.4.  -  u  =±0 .3; - u  -±0.4. 

a  a  a  a 

_  3 

Ay=f(^)  increase.  These  sections  correspond  to  relatively  "weak"  fillings  of 
the  waveguide  by  means  of  the  ferrite.  On  other  sections,  the  characteristic  runs 
almost  parallel  to  the  abscissas  axis,  and  then  in  third  sections,  an  increase 
in  the  normalized  propagation  constant  decreases  with  an  increase  in  frequency. 

In  this  latter  case,  the  phase  shift  to  a  unit  length  either  does  not  vary 
with  an  increase  in  frequency,  or  it  varies  only  in  relation  to  the  slope  of  the 
characteristic.  Propagation  of  waves  on  this  section  may  occur  only  with  a  very 
strong  filling  of  the  waveguide  by  means  of  the  ferrite  or  with  large  values  of 
£2- 

In  this  way,  the  character  of  the  frequency  relationships  is  determined  basi¬ 
cally  by  the  degree  of  filling  of  the  waveguide  by  the  ferrite.  With  an  increase 
in  the  filling  of  the  waveguide  by  the  ferrite,  the  concentration  of  the  superhigh 
frequency  energy  increases  in  the  latter.  At  first,  with  a  weak  filling,  the  ef¬ 
fect  of  the  dielectric  waveguide  shows  up  strongly,  and  the  concentration  of  super 
high  frequency  energy  varies  strongly  with  frequency  variations.  Beginning  at  a 
certain  moment,  when  all  the  energy,  even  at  the  low  frequency  portion  of  the  fre¬ 
quency  range,  is  concentrated  in  the  ferrite,  this  relationship  becomes  weak,  and 
the  characteristics  become  less  dependent  on  frequency. 

The  form  of  the  curves  in  the  third  section  are  connected  with  the  excitation 


From  the  figure,  it  may  be  seen  that  the  activity  of  the  phase  shifter  in¬ 
creases  at  first  with  an  increase  in  b/a,  while  this  relationship  becomes  less 
frequent  the  larger  ti-  With  further  increases  in  the  filling,  the  increase  in 
this  characteristic  slows  down,  and  then  it  begins  to  drop.  This  nature  of  the 
curves  can  be  explained  by  variation  in  the  concentration  and  structure  of  the 
superhigh  frequency  field  in  the  ferrite. 


At  determined  diameters  of  the  ferrite,  different  for  each  e2,  a  maximum  con¬ 
centration  of  the  superhigh  frequency  field  occurs  in  the  area  of  the  radial  wave 
polarization  in  the  ferrite.  In  this  case,  the  phase  shift  reaches  a  maximum  value.  /I 
Further  on,  the  energy  is  redistributed  across  the  cross  section  of  the  waveguide, 
as  a  result  of  which  the  interaction  between  the  superhigh  frequency  field  and  the 
ferrite  becomes  weaker.  As  a  consequence,  there  is  no  sense,  from  the  point  of 
view  of  enhancing  the  phase  shifter  activity,  in  increasing  the  value  of  b/a  by  /] 


means  of  a  more  well-defined  value. 


On  the  other  hand,  from  a  comparison  of  the  curves  in  Fig.  7  with  the  fre¬ 
quency  characteristics,  it  follows  that  in  order  that  the  frequency  characteris¬ 
tics  not  be  dependent  on  the  frequency,  it  is  necessary  to  work  with  fillings 
that  are  smaller  than  those  corresponding  to  the  maximum  activity  for  all  values 
of  £2  under  consideration. 


One  of  the  more  important  parameters  characterizing  phase  ferrite  equipment 
is  the  level  of  losses,  and  connected  with  this,  Q-f actors.  Under  "Q-f actor,"  it 
has  become  accepted  to  mean  the  ratio  between  a  derived  phase  shift  in  degrees 
to  losses  expressed  in  decibels.  A  precise  determination  of  the  magnitude  of 
losses  requires  substituting  the  tensor  components  p  and  £2  into  the  base  equation 
taking  into  account  their  Imaginary  portions.  For  an  approximate  assessment  of 
losses  and  the  Q-f actor  in  a  region  far  from  the  ferromagnetic  resonance,  it  is 
possible  to  use  the  well-known  method  cited  in  work  [8],  expanding  the  function 
y(s2,  U.)  into  a  Taylor  series  around  a  value  corresponding  to  the  case  without 

a 

losses.  Thus  we  get: 


e. 


<h' 

7ZT 


+  p‘ 


ill 


if. 


(32) 


The  values  of  the  derivatives  are  determined  graphically,  and  for  this  the 
equations  y'-f(p'  ),  Y'"f(u'),  and  y*f (C'_ )  are  constructed  according  to  the  com- 
putatlonal  data.  The  values  for  the  imaginary  components  of  the  dielectric  and 
magnetic  permittivity  are  taken  to  be  equal  to  £2*0.02,  u "*0.003,  and  p"a*0.002. 


Losses  in  the  phase  shifter  with  a  phase  shift  of  360°  (dB)  are  expressed 
thusly: 


P=e  54,7  M  [db^’ 


and  the  Q-factor  thusly: 


Q”6*6f  Lib 


(33) 

(34) 


A  comparison  of  losses  with  the  Q-factor  of  various  phase  shifters  is  car¬ 
ried  out  in  the  medium  frequency  range,  in  which  there  is  observed  a  weak  rela¬ 
tionship  between  them  and  frequency.  The  calculation  results  are  shown  in  Fig.  8. 


w 


Fig.  8.  Relationship  between  wave¬ 
guide  and  ferrite  parameters  and  the 
dielectric  permittivity  of  the  ferrite. 


From  a  consideration  of  the  curves,  it  is  apparent  that  with  an  increase  in  the 
ferrite  dielectric  permittivity,  the  optimal  diameter  of  the  ferrite  and  a  length 
necessary  for  deriving  A<f»360°  decrease.  At  the  same  time,  the  magnitude  of  the  /I 
differential  phase  shift  to  a  unit  length,  overall  losses,  and  the  Q-factor,  vary 
across  a  wide  range. 


Conclusions 


The  analysis  carried  out  here  of  the  functioning  of  a  phase  shifter  with  an 
azimuthal  bias  makes  it  possible  to  draw  the  following  conclusions. 

1.  The  character  of  the  frequency  relationships  is  determined  basically  by 
the  degree  of  filling  of  the  waveguide  by  the  ferrite  and  by  its  dielectric  per¬ 
mittivity. 


2.  The  frequency  deviation-duration  product  for  a  phase  shifter  is  deter¬ 
mined  mainly  by  the  magnitude  zz.  At  C2"6,  the  value  for  the  normalized  differen¬ 
tial  phase  shift  is  maintained  as  a  constant  with  an  accuracy  to  within  1%  of 
the  range  of  16%,  at  €2*8,  within  the  range  of  12%,  and  at  e2”10*  within  the  range 
of  9%. 

3.  In  creating  phase  shifters  that  work  across  wide  bandwidths,  it  is 
possible  to  derive  phase  shifts  on  the  order  of  0.4  to  0.5  rad/cm  with  Q-f actors 
around  270. 

4.  The  theoretical  studies  carried  out  in  this  article  may  serve  as  the 
basis  for  designing  phase  shifters  of  a  similar  type. 

*  *  * 

The  authors  would  like  to  express  their  gratitude  to  A.  I.  Potekhln  for  his 
valuable  advice,  and  to  G.  L.  Grayfer  for  carrying  out  the  computer  computations. 


150 


3IBLI0GRAPHY 


1.  Nourse,  0.  British  Commnmications  and  Electronics,  No.  6,  1964,  pp.  398- 
402. 


2.  Woermbke,  J.  D.,  Myers,  J.  A.  Microwaves .  Vol.  3,  No.  10,  1964,  pp. 
20-27. 


3.  Bolle,  D.  M.,  Heller,  G.  S.  IEEE  Transactions.  Vol.  MTT-13,  No.  4,  1965, 
pp.  421-426. 

4.  Mikaelyan,  A.  L.  "Volnovodnye  i  koaksial'nye  ventil'nyj*  sistemy  dlya  voln, 

obladayushchikh  simmetrley  vrashcheniya"  [Waveguide  and  Coaxial  Valve  Systems 
for  Waves  Possessing  Radial  Sytanetry],  Articles  from  the  Academy  of  Sciences  of 
the  USSR,  Vol.  104,  No.  2,  1955.  "" 

5.  Sul,  G.,  Walker,  L.  Voprosy  volnovodnogo  rasprostraneniya  elektromagnitnykh 
voln  v  girotropnykh  sredakh  [Problems  in  Waveguide  Electromagnetic  Wave  Propaga¬ 
tion  in  Gyrotropic  Media].  Foreign  Literature  Publishing  House,  1955. 

6.  Kamke,  E.  Spravochnik  po  obyknovennvm  differentsial 'nym  uravneniyam  [Handbook 
of  Normal  Differential  Equations].  Publishing  House  of  Literature  on  Physics  and 
Mathematics,  1961. 

7.  Koddington,  E.  L. ,  Levinson,  N.  Teoriya  obyknovennykh  differentsial 'nykh 
uravneniy  [The  Theory  of  Normal  Differential  Equations].  Foreign  Literature  Pub¬ 
lishing  House,  1958. 

8.  Mikaelyan,  A.  L.  Teoriya  i  primeneniye  ferritov  na  [The  Theory 

and  Application  of  Ferrites  for  High  Frequency  Signals].  Gosenergoizdat  [State 
Scientific  and  Technical  Power-Engineering  Publishing  House],  1963. 


A  SPIRAL  LINE  WITH  AN  AZIMUTHALLY  MAGNETIZED  FERRITE  CYLINDER 


N.  G.  Motorin,  B.  C.  Khmelevskiy,  R.  R.  Yurgenson 

A  calculation  is  carried  out  for  the  propagation  constant  and  the  differen¬ 
tial  phase  shift  for  the  principal  wave  type  in  the  following  structure:  a 
spiral  line  with  an  azimuthally  magnetized  ferrite,  with  the  line  disposed  in 
an  unbounded  dielectric  medium. 

An  assessment  of  the  influence  of  the  spiral  parameters,  the  ferrite  param¬ 
eters,  and  the  dielectric  surrounding  the  spiral  on  the  magnitude  of  the  differ¬ 
ential  phase  shift  in  the  frequency  range  is  given. 

Introduction 

Recently,  a  great  amount  of  attention  has  been  afforded  the  development  of 
bistabile  ferrite  phase  shifters.  In  the  works  [1,  2],  experimental  results  on 
phase  shifters  using  azimuthally  magnetized  ferrites  in  a  rectangular  waveguide 
have  been  described.  In  work  [3],  the  theory  of  and  calculations  for  a  phase 
shifter  in  a  round  waveguide  are  presented. 

It  is  of  interest  to  examine  a  spiral  line  with  an  azimuthally  magnetized 
ferrite  cylinder  on  the  inside  and  a  dielectric  material  on  the  outside  in  contact 
with  the  spiral  as  a  system  representing  a  phase  shifter.  Several  problems  in 
the  theory  and  calculation  for  the  spiral  line  with  an  azimuthally  magentized  fer¬ 
rite  disposed  on  the  outside  of  the  spiral  are  given  in  [4].  The  dispersion 
equation  for  the  azimuthally  magnetized  ferrite  cylinder  within  the  spiral  located 
in  an  unbounded  space  is  presented  in  f 5 J . 

Deriving  the  Dispersion  Equation 

We  shall  examine  a  single-thread  spiral  with  a  radius  a,  pitch  t,  and  helix 
angle  within  which  there  is  located  an  azimuthally  magnetized  ferrite  cylinder, 
and  outside  of  which  there  is  an  unbounded  dielectric  with  dielectric  permittivity 
e2* 


In  deriving  the  dispersion  equation,  we  will  assume  that  a  thin  conductor  for 


pulse  reversal  of  magnetization  is  disposed  along  the  axis  of  the  ferrite  cylin¬ 
der  and  does  not  have  any  noticeable  influence  on  the  electromagnetic  field.  The 
ferrite  possesses  a  rectangular  hysteresis  loop,  and  current  pulses  act  on  it  hav¬ 
ing  such  pulse  heights  that  the  residual  magnetization  does  not  depend  on  its 
radius . 


The  symmetrical  case  is  taken  into  consideration,  when  the  electric  field 
components  do  not  vary  in  azimuth. 


In  a  cylindrical  coordinate  system  (r,4> ,z), 
ability  has  the  form: 


M  - 


o 

—  *  Pa 


0 

<S  0 
0  1‘ 


the  tensor  of  the  ferrite  perme- 


(1) 


For  residual  magnetization  MiMQ  (Mg  is  magnetic  saturation)  in  a  SI  [expan¬ 
sion  unknown]  system  may  be  taken  approximately  according  to  [5]  to  be  equal  to: 


l*<i 


(2) 


where  uo  is  the  permeability  of  a  vacuum,  y  is  the  gyromagnetic  ratio,  and  u>  is 
angular  frequency. 


The  diagonal  components  for  this  are  equal  to: 

*  1. 


(3) 


Using  [4],  we  may  write  expressions  for  the  fields  in  the  ferrite  and  the 
dielectric  with  great  lag  when  the  radial  wave  numbers  in  the  ferrite  and  the 
dielectric  are  approximately  equal: 


in  the  ferrite: 


CjiVl,  0(2|Nri 

it  , I  —  ■ 

V  2|p|r 


-5.0(2|?lr) 


=  i  £  [o)Vfl5,.  o(21?|r)-  2?*S;.  0(2|3[r)j 

P" 

E,i  =  Q/odpjr) 

£rl  =  iC^dPIr) 

E, - i 


(4) 


Here,  M  (2 | 6 | r )  is  a  Whittaker  function, 

XI  u 

s  t(2  IMrt,  21*  S,,„(2|E|r)-t-<0(2|^)l 

- - x» 

4 

Pa 

6  is  the  propagation  constant,  ***jjjsgng,  si  is  the  dielectric  permittivity  of 
the  ferrite,  Ig,  Ij  are  modified  Bessel  functions,  and  the  prime  symbol  denotes 
differentiation  with  respect  to  the  independent  variable: 


in  the  dielectric: 

//„=  — iZVCi(|?lr) 

'  ?  ,  (5) 

Dj(Mr) 

E^-iD^mr) 

E^l^fD1Kimr) 

where  Kg,  Rj  are  Macdonald  functions,  Cl,  C2,  Dj,  D2  are  unknown  coefficients. 


In  expressions  (4)  and  (5),  the  factor  exp[i(u)t-Bz) ]  has  been  left  out. 
Substituting  these  formulas  with  r»a  into  the  boundary  conditions  for  an  aniso¬ 
tropic  cylinder: 

Eii  —  £, *  £ft  =  E^j,  Eg  tg0  +  £f,  =  0, 

//„  tge  +  Hfl  -  Ha  tge  +  (e) 

we  get  the  dispersion  equation,  which  holds  good  in  the  case  of  a  small  phase 
shift  between  current  in  neighboring  windings  of  the  spiral  (t6«27r)  [7]: 
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(7) 


3*= _ f«up|q>  A.dPia) 

-£si!!l£L  J_  _is«_  Mt  0  (2IPI  a) 
where:  T*T7(««« 

^  =  *-“1^ 

e4)>  en  are  relative  dielectric  permittivities  of  the  ferrite  and  the  dielec¬ 
tric. 


At  €^=1,  equation  (7)  is  in  agreement  with  the  equation  derived  in  [5].1 

Calculating  the  Propagation  Constants  and  the  Differential  Phase  Shift 

The  calculation  of  the  propagation  constant  from  equation  (7)  was  carried  out 
according  to  the  methodology  described  in  [4].  Graphs  of  the  Kummer  function 
were  used  [8],  as  well  as  the  relationship  between  the  Whittaker  functions  and 
the  Kummer  functions: 

«„,<«>  *(t— ■  l:“) 

where  0  is  the  Kummer  function,  u»2|&|a. 

With  large  independent  variables,  the  asymptotic  expansion  of  the  Kummer 
function  was  used  [8]. 

The  calculation  was  carried  out  for  a  ferrite  with  e**7,9,ll  and  with  tensor 

u  Ua 

components  of  its  permeability  — “1  and  —**±(0.3;  0.5;  and  0.8).  These  values 
correspond  to  the  residual  magnetization  of  the  ferrites  used  in  the  superhigh 
frequency  range. 

If  the  tensor  ||pj|  is  expressed  according  to  formula  (1),  the  component  ua<0 
corresponds  to  the  case  when  the  propagation  direction  of  the  wave  is  in  agreement 
with  the  positive  value  of  the  z-axis  and  opposite  to  the  direction  of  magnetizing 
current.  With  this  current  direction,  the  propagation  constant  is  strongly  dependent 

1The  dispersion  equation  in  [5]  evidently  contains  typographical  errors,  because 
according  to  the  sense  of  the  text,  the  equation  should  contain  modified  Bessel 
functions. 


on  the  residual  magnetization  (Fig.  1).  The  relationship  of  the  normalized 

propagation  constant  £  to  the  normalized  radius  of  the  spiral  a=ai<octg0  at  vari- 
Ua 

ous  values  of  —  is  shown  in  this  figure. 

The  introduction  of  a  dielectric  on  the  outside  of  the  spiral  leads  to  an 
increase  in  the  propagation  constant,  both  for  the  negative  value  of  ua,  as  well 
as  for  he  positive  value  (Fig.  2).  At  the  same  time,  the  differential  phase  shift 
increases,  and  the  region  of  the  nondispersion  characteristic  AB  shifts  to  the 
side  of  the  smaller  values  of  a  (Fig.  3). 


Fig.  1.  Relationship  between  the  nor¬ 
malized  propagation  constant  6  and  the 
normalized  spiral  radius  a  for  a  fer¬ 
rite  with  £*“11,  ~-*l,  en”!  at  various 
Ua 

values  of  — 


Fig.  2.  Relationship  between_the  nor¬ 
malized  propagation  constant  3  and  the 
normalized  spiral  radius  a  for  a  ferrite 
U  ^3 

with  £*“9,  — “1,  and  — »±0.3  at  various 

values  of  £  for  the  dielectric: 

- e  “3: - e  *7; 


Relationship  between  the  region  of  the  nondispersion  charac 
teristic  AS  for  a  ferrite  with: 
u  v& 

£*-9,  and  ^«±0.3  at  various  values  of  e  for 

the  dielectric: 


The  region  of  anamolous  dispersion  shows  up  clearly  expressed;  it  can  be 
used  for  creating  phase  shifters  with  differential  phase  shifts  only  weakly  de¬ 
pendent  on  frequency. 

The  analysis  of  expression  (4)  for  the  magnetic  components  Hr  and  Hz  makes 
it  possible  to  explain  the  increase  in  Ag  with  increases  in  th  ?.  dielectric  per¬ 
mittivity  of  the  surrounding  space.  A  redistribution  of  the  X'ie-.ds  in  the  struc¬ 
ture  under  consideration  takes  place  in  such  a  way  that  in  the  ferrite,  the  polari¬ 
zation  region  close  to  the  radial  region  is  extended  for  both  bias  orientations. 

An  increase  in  dielectric  permittivity  of  the  ferrite  in  the  spiral  system, 
just  as  in  the  case  of  the  waveguide  variant  in  [3],  leads  to  an  increase  in  the 
differential  phase  shift  (Fig.  4).  However,  when  there  is  no  waveguide  variant, 
the  character  of  the  variation  in  the  differential  phase  shift  in  the  frequency 
range  is  maintained. 


Fig.  4.  Relationship  of  the  normalized  propagation  constant  g  and  the 
normalized  spiral  radius  a  for  ferrites  with: 
u  ^a 

-t-«lf  — “±0.3,  e,T“l  at  various  values  of  e*: 
po  U0  a  v 

-  -  £$“9 ;  -  e^-ll. 


It  is  of  Interest  to  compare  the  value  of  the  differential  phase  shift  to  a 
unit  length  of  the  system  for  spiral  and  waveguide  phase  shifters.  For  a  spiral 

_  y  llg 

phase  shifter  with  parameters  a«1.5  mm,  ctg©»12,  e^*^,  eaMl,  ~j"l,  and  . 3 , 

the  value  of  the  differential  phase  shift  Aip»155  degrees/cm.  If  Efl-10,  then 
Aip~195  degrees/cm. 
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U  ^3, 

The  value  of  At|;  derived  in  the  cited  work  [3]  for  £*=9,  ; — =1,  and  - — =+0.3, 

+  U  0  U  o 

and  for  a  ratio  of  the  ferrite  radius  to  the  waveguide  radius  equal  to  0.47,  is 
21.5  degrees/cm,  that  is,  the  spiral  phase  shifter  gives  a  differential  phase 
shift  per  unit  length  several  times  greater  than  the  waveguide  phase  shifter. 

The  small  dimensions  of  a  spiral  phase  shifter  require  significantly  less 
power  for  phase  switching. 

The  calculation  presented  here  makes  it  possible  to  choose  the  geometrical 
dimensions  and  electric  parameters  of  a  system  for  designing  a  small-dimension 
phase  shifter  on  a  spiral  line. 
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CALCULATION  OF  A  Y-CIRCULATOR  WAVEGUIDE  WITH  A  FERRITE-DIELECTRIC  ELEMENT 


V.  I.  Vol'man 


Results  of  calculations  on  and  experimental  studies  of  a  Y-circulator  wave¬ 
guide  with  a  ferrite-dielectric  element  are  analyzed. 


Introduction 


As  was  demonstrated  in  work  [1],  the  functional  band  of  a  Y-circulator  wave¬ 
guide  increases  in  proportion  to  a  decrease  in  the  dielectric  permittivity  of  the 
ferrite  from  which  the  ferrite  cylinder  is  made.  A  similar  effect  may  be  expected 
if  a  dielectric  sleeve  made  of  a  material  with  e>l  is  placed  on  the  ferrite  cylin¬ 
der.  At  the  same  time,  the  energy  concentration  in  the  ferrite  cylinder  decreases 
and  this  is  equivalent  to  a  decrease  in  its  dielectric  permittivity.  In  this  way, 
a  Y-circulator  with  a  ferrite-dielectric  element  is  equivalent,  according  to  its 
features  at  the  first  anproxlmation,  to  a  Y-circulator  without  a  dielectric  sleeve 
but  having  a  decrease  in  the  value  of  the  ferrite  dielectric  permittivity.  This 
makes  it  possible  to  affirm  that  the  principles  of  functioning  in  both  variants 
of  a  Y-circulator  are  identical,  and  it  yields  the  possibility  of  using  all  the 
ideas  and  methods  for  calculation  analyzed  in  [1]  for  calculations  involving  a 
Y-circulator  with  a  ferrite-dielectric  element. 

A  standing  wave  of  the  first  harmonic  of  an  electric  field  is  established  at 
the  central  frequency  of  the  working  range  of  a  Y-circulator  with  optimally  selec¬ 
ted  values  for  the  electrical  parameters  and  the  diameter  of  the  ferrite  cylinder 
on  the  Y-circulator  surface  (Fig.  1)  [1].  One  of  the  nodes  of  this  kind  of  wave 
is  disposed  along  the  longitudinal  axis  of  a  side  shoulder  of  the  waveguide  2. 

At  the  same  time,  a  type  H20  wave  is  excited  on  shoulder  2;  this  wave  is  a  higher 
type  wave  for  a  rectangular  waveguide  in  shoulder  2,  and  consequently,  it  cannot 
be  propagated  in  it. 

By  analogy  with  a  Y-circulator  without  a  dielectric  sleeve,  for  determining 
the  optimal  dimensions  and  parameters  of  the  ferrite-dielectric  element,  it  is 
necessary  Co  study  the  electric  field  structure  on  the  surface  of  the  dielectric 
sleeve  fitted  onto  the  ferrite  cylinder,  and  it  is  necessary  to  explain  the 


Fig.  1.  Field  structure  on  the  surface  of  a  ferrite  cylinder. 

conditions  under  which  the  electric  field  distribution  takes  the  form  shown  in 
Fig.  1.  At  the  same  time,  it  is  assumed  that  a  Y-circulator  with  a  ferrite- 
dielectric  element  will  have  optimal  parameters,  if  the  given  field  structure 
is  established. 
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A  very  high  dielectric  permittivity  of  the  ferrite  and  the  presence  of  a 
dielectric  sleeve  causes  a  significant  energy  concentration  in  the  ferrite- 
dielectric  element  and  in  the  space  immediately  contiguous  to  it.  At  the  same 
time,  the  distribution  of  pulse  heights  and  phases  of  the  propagating  waves  in 
the  region  of  the  junction  of  the  waveguide  shoulders  of  the  circulator  depends 
basically  on  the  ferrite-dielectric  element,  and  only  to  a  small  degree  on  the 
configuration  and  disposition  of  the  metallic  surfaces  forming  the  Y-joint  of  the 
waveguide.  For  this  reason,  for  studies  on  the  field  structure  of  a  field  on  the 
surface  of  a  dielectric  sleeve,  it  is  possible  to  disregard  the  effects  of  the 
Y-joint  and  to  assume  that  the  ferrite-dielectric  element  is  disposed  in  an  un¬ 
bounded,  isotropic  medium  with  parameters  eq  and  uo« 


Deriving  the  Basic  Relationships 

Assuming  that  the  structure  of  the  wave  incident  on  the  ferrite-dielectric 
element  does  not  differ  from  the  wave  structure  of  the  principal  wave  mode  type 
in  an  H-plane  horn,  we  may  write  the  voltage  vector  components  of  its  electrical  /I 
and  magnetic  field  in  the  following  form  [2]: 


161 


£v  =  W'/l;  :v>  cos  tf 


H  na= - -  Hz%  (*<>:-)  cos  »f 

-na*  T)0  2 

H  - - -  —  Wl?2(*»?\sin-i 

‘naa  n.  2-of.  2 


where  4  =  0)%u.#,  4  —  —  .  “#  is  the  frequency  of  the  contiguous  electromagnetic 

£0 

field. 

The  voltage  vector  component  of  the  magnetic  field  of  the  incident  wave  tan¬ 
gential  to  the  surface  of  the  ferrite-dielectric  element  may  be  expressed  thusly: 

"enM  =  (»-*>-  C0S  <e  -  *>•  ' 2> 

Using  the  addition  theorem  for  cylindrical  functions,  after  transforming  from 
formulas  (1)  and  (2),  we  get: 

£vni,  =  4r  "(/# 

ft»— oa 

- 

«•  .  (3v 

^  j  1 i«v>- 

ft— — «» 

-  [ffS+7/f  (*•#»)  +  (—  1)n  *2-1/2  R»>!  y«-l  (/»r)i e”  " = 

ft— •• 

where  Ri  is  the  distance  between  the  center  of  the  Y-joint  and  the  upper  horn. 
(Fig.  2). 


Fig.  2.  Y-joint  with  a 
ferrite-dielectric  element. 
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The  tangential  components  of  the  field  within  the  magnetized  ferrite  cylin¬ 
der  along  the  axis  and  in  the  dielectric  may  be  written  in  the  following  form: 

1.  at  Oiriro: 


o* 

ft* — « 

Wi"= “TT  ~ 


where: 


ae  b)*C 


e  is  the  dielectric  permittivity  of  the  ferrite,  p  and  k  are  tensor  elements  of 
the  ferrite  permeability,  r0  is  the  radius  of  the  ferrite  cylinder. 

2.  at  ro^riRo: 


om 

ft*—* 

o> 

^  =  -^2  M(x*r>+ 


where: 


and  are  respectively  the  dielectric  permittivity  and  the  permeability  of 
the  material  from  which  the  dielectric  sleeve  is  made;  Rq  is  the  dielectric  sleeve 


radius . 


If  in  accordance  with  the  presumption  stated  above  we  disregard  the  effects 
of  the  metallic  surfaces  forming  the  Y-joint,  then  the  tangential  field  components 
of  the  field  dispersed  spatially  into  the  surrounding  ferrite-dielectric  element  /I 
are  equal  to  (at  riRo) : 


m 

m 

//;*>«  — 7  S  (**r)  *' "  * 
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The  coefficients  entering  into  formulas  (4 ) — (6>  are  determined  after  sub¬ 
stituting  these  formulas  into  the  following  boundary  conditions: 

£<ii  _  £(2)  //«‘>  ~  WJ?)  at  r  =  r„:  •'> 

£«-£«  +  £,  w  W{,2)  =  WJ,3'  4-  W.I1JA  at  '  =  (6) 

as  well  as  the  solutions  to  the  linear  system  of  equations  emerging  with  this. 


As  a  result,  we  get: 


K  = 


*  H‘2» 


An  —  &n 


(*,  K.) 


[/,(«,  (***.)] 


H™(*0Ro) 


where : 


Ji 

A.  <*x  r«) 

AC 

n 

Jn  (*Xro) 

lx 

.  J*  (*x  ro) 

J* 

%x'o 

U  (*a  <•<>) 

<**'•>  „ 

<*x  ro) 

AC 

n 

F;  (*,  r0) 

’lx 

At  (*x  4) 

*l4  . 

F,  (**/•#) 

D„  = 


T« 


Jn(\Ro)  —  J'.(*3R o), 


(10) 

(in 

(12> 


The  formation  of  the  required  structure  of  the  electric  field  (see  Fig.  1) 
on  the  surface  of  the  dielectric  sleeve  is  possible  only  in  the  case  when,  at 
r*Ro,  the  pulse  heights  of  the  harmonics  with  indices  n»(l)  and  n*(-l)  are:  (1) 
equal  to  each  other,  (2)  significantly  exceed  pulse  heights  of  the  harmonics  with 
1 n 1 5*1,  and  (3)  are  phase  shifted  with  respect  to  one  another  by  60°.  After  simple 
transformations,  it  is  possible  to  demonstrate  that  the  first  and  third  conditions 
are  met,  when  the  following  equations  are  fulfilled: 

[v'i  (»**.)  U  «  **  tf,  Yx  (*,  *,)  [ ;?  (t,  /?,)  +  Y]  (*,  ff,)j 

r,,  t  «  ’ll  1  \*«,1  2  \\  c. 


k  Tjj  1  S,  —  V  5? +  <  1?  A*? 

T  TT  '*  ~  2 

(14) 

where: 

r ...  '*)  y[  '.)  1 M  2  y,  (*s  a?.) 

(15) 

L\  — 

T.  Jl  (*.  r„)  K,  (**!•,)  J  *  (**#•,) 

Mi  =  Ji  <«*  *.)  -  4t7~:  Yi  <*»  *•>; 

(16) 

„  o  fl»)  +  F*  (*, /?») 

*  'a**'?  ('*'.) 

(17) 

The  simultaneous  solution  of  equations  (13)  and  (14)  makes  it  possible  to 
determine  the  necessary  dimensions  for  the  ferrite  cylinder  and  the  dielectric 
sleeve,  that  is,  it  yields  a  solution  for  the  problem  posed.  However,  because  of 
the  cumbersomeness  of  the  equations  derived,  it  is  difficult  to  prove  analytically 
that  in  this  case  the  pulse  height  of  the  harmonics  with  |n|*l  significantly  ex¬ 
ceed  the  pulse  heights  of  all  the  other  harmonics.  For  this  reason,  the  fulfill¬ 
ment  of  these  equations  was  checked  by  a  direct  numerical  calculation,  whose  re¬ 
sults  are  examined  below. 

Results  of  Numerical  Calculation 


In  comparison  with  a  Y-circulator  without  a  dielectric  sleeve,  in  the  circula¬ 
tor  variant  under  consideration  here,  the  parameters  are  significantly  freer,  that 
is,  they  have  magnitudes  which  can  be  conveniently  assigned  arbitrarily  within 
physically  determined  and  applicable  limits.  Seven  independent  values  are  con¬ 
tained  within  the  generally  complex  forms  of  equations  (13)  and  (14):  the  dielec¬ 
tric  permittivity  of  the  ferrite  e;  its  effective  permeability  uA;  the  ratio  of 
the  permeability  tensor  elements  the  radius  of  the  ferrite  cylinder  multiplied  /I 
by  the  wave  number  in  free  space  *Vo;;  the  dielectric  permittivity  of  the  sleeve 
material  efl;  the  permeability  of  the  sleeve  material  un;  and  the  exterior  diameter 
of  the  dielectric  sleeve  multiplied  by  the  wave  number  in  free  space  xo/?0.  •  A 
sleeve  is  usually  made  from  a  dielectric  (fluoroplastic,  polystyrene)  with  p^l 
and  Cg*2.2-2.5;  this  reduces  the  number  of  free  parameters  to  five.  For  the  nor¬ 
mal  functioning  of  a  Y-circulator,  as  emerges  from  the  analysis  carried  out  above, 
it  is  necessary  that  a  system  of  two  equations  be  satisfied.  Consequently,  of  the 
remaining  five  arbitrary  parameters,  three  may  be  assigned,  and  two  may  be  deter¬ 
mined  from  solutions  to  equations  (13)  and  (14).  As  will  be  shown  below,  the  selec¬ 
tion  of  parameters  is  somewhat  restricted  by  the  demand  that  the  discrimination 
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between  the  shoulders  of  the  Y-circulator  be  not  less  than  20  dB. 


The  calculation  was  carried  out  in  the  following  order.  The  values  for  e, 
pl»  ea»  311(1  *or<M  were  assigned,  and  from  equations  (13)  and  (14),  the  values 
for  ytoRa  and  £  were  determined.  The  values  of  k  and  p  may  be  found  from  the 

r* 

equation  pj_**p  .  In  all  calculations  whose  results  are  represented  in  the 

form  of  graphs  in  Figs.  3-4,  it  was  taken  that  e^-2.4  and  pfl=l. 


<5  = 

.f 

8 

3,0 

\ 

v 

\ 

E 

!l 

V  V  V  V  as  rj^r. 


as  as  0,7  as  v  e,r 


Fig.  3.  Relationship  between  the  optimal  magnitude  of  the  exterior 

radius  of  the  dielectric  sleeve  and  the  ferrite  cylinder  radius. 
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It  is  interesting  to  note  that  at  some  values  of  e  and  yA,  the  application 
of  a  thin  dielectric  sleeve  leads  to  a  decrease  in  the  ratio  j-j,  that  is,  it 
makes  it  possible  to  reduce  somewhat  the  voltage  of  the  exterior  magnetic  field. 

With  an  increase  in  the  sleeve  diameter,  the  ratio  ^  1  ’ins  to  increase  rapidly. 

This  means  that  Y-circulators  with  thick  dielectric  sleeves  function  with  large 
magnetizing  fields,  which  is  confirmed  by  experimental  data.  If  for  a  Y-circulator 
without  a  dielectric  sleeve,  fields  with  intensities  on  the  order  of  SO  to  200 
oersteds  are  normal,  then  in  broadband  Y-clrculators  with  a  dielectric  sleeve, 
the  magnetizing  field  intensity  increases  to  800  to  1,000  oersteds. 

We  shall  examine  the  influence  of  harmonics  with  an  index  ni*l  on  the  param¬ 
eters  of  a  Y-circulator.  A  uniform  field  distribution  on  the  surface  and  around 
a  ferrite  cylinder  corresponds  to  the  zero  harmonic  (n-0)  of  the  electric  field. 

For  this  reason,  under  the  influence  of  the  field  of  this  harmonic,  all  shoulders 
of  the  circulator  are  uniformly  excited,  that  is,  even  at  the  central  frequency 
of  the  Y-circulator* s  working  range,  a  portion  of  the  power  enters  the  insulating 
shoulder,  and  the  discrimination  between  the  side  shoulders  of  the  circulator  has 
a  finite  value.  Thus,  it  turns  out  from  the  calculation  that  depending  on  the 
decrease  in  the  dielectric  sleeve  diameter,  the  value  of  the  maximum  possible 
achievable  discrimination  decreases. 

An  analysis  of  the  expressions  for  the  pulse  heights  of  harmonics  with  indices 
ni2  and  the  results  of  the  numerical  calculations  show  that  with  real  values  for 
the  parameters  of  the  ferrite  and  parameters  of  the  dielectric  sleeve,  the  great¬ 
est  amplitude  (pulse  height)  of  all  the  harmonics  at  |n|k2  is  possessed  by  the  /I 

second  harmonic  (on  the  order  of  0.1-0.25).  However,  the  distribution  of  the 
second  harmonic  of  the  electric  field  on  the  dielectric  sleeve  surface  is  such 
that  it  has  practically  no  influence  on  the  division  of  the  power  between  the 
circulator  side  shoulders  (see  Fig.  3  and  [1]). 

Frequency  Range  Characteristics 

The  working  frequency  range  for  a  Y-circulator  is  restricted  by  the  minimal 
necessary  value  of  discrimination  between  the  circulator  side  shoulders  (normally 
20  dB)  and  by  the  maximum  achievable  reflection  factor  from  Its  input  (normally 
not  greater  than  0.05  to  0.12).  Aa  is  well  known  [3],  these  parameters  are 
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interlinked,  and  this  makes  it  possible  in  an  investigation  of  frequency  range 
characteristics  of  a  circulator  to  examine  the  relationships  between  the  frequency 
and  only  the  magnitude  of  discrimination. 

If  the  frequency  of  electromagnetic  oscillations  entering  as  input  into  a 
Y-circulator  is  different  from  the  resonant  frequency  of  the  circulator,  then,  as 
it  follows  from  calculation,  the  amplitudes  of  the  harmonics  with  indices  n«l  and 
n*-l  cease  to  be  equal.  In  addition,  the  optimal  phase  relationships  between  these 
harmonics  [1]  are  disrupted.  As  a  result,  the  formation  of  the  pure  standing  wave 
of  the  first  harmonic  of  the  electric  field  on  the  surface  of  the  ferrite  cylinder, 
as  shown  in  Fig.  1,  becomes  impossible.  This  leads  to  the  excitation  of  a  type 
H}q  wave  mode  in  the  insolating  shoulder  of  the  circulator,  and  as  a  result,  also 
to  a  decrease  in  the  discrimination  between  the  circulator  side  members. 

In  Fig.  5,  the  relationship  between  the  relative  width  of  the  working  fre¬ 
quency  range  of  a  Y-circulator  and  the  diameter  of  a  dielectric  sleeve  fitted  onto 
the  ferrite  circulator  is  shown  at  various  values  of  the  ferrite  parameters.  The 
working  frequency  range  of  a  Y-circulator  is  determined  as  a  difference  in  fre¬ 
quencies,  between  which  limits  the  discrimination  between  the  side  shoulders  of 
the  circulator  is  not  less  than  20  dO.  The  order  of  this  computation  does  not 


Fig.  5.  Working  frequency  range  of  a  Y-circulator  with  different 
values  of 

differ  from  that  analyzed  in  the  article  in  work  [1].  With  the  calculation,  it  is 
presumed  that  the  zero  harmonic  of  the  electric  field  has  no  influence  on  the 
magnitude  of  discrimination.  However,  with  sufficiently  thick  dielectric  sleeves, 
the  pulse  height  of  the  zero  harmonic  becomes  so  great  that  even  at  the  Y-circula- 
tor’s  resonant  frequency,  the  discrimination  between  the  side  shoulders  is  less 
than  20  dd.  This  Imposes  a  restriction  on  the  selection  of  the  maximum  dielectric 
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sleeve  diameter  and  disallows  the  possibility  of  realizing  a  working  frequency 
range  greater  than  8  to  10%.  In  Fig.  6,  the  relationship  between  the  maximum 
achievable  frequency  range  of  a  Y-circulator  and  the  electric  parameters  of  a 
ferrite  with  a  discrimination  not  exceeding  20  db  is  presented.  As  may  be  seen 


Fig.  6.  Maximum  achievable  working  frequency  range  for  a  Y- 
circulator  with  a  dielectric  sleeve. 

from  the  graphs  presented  here,  the  use  of  a  dielectric  sleeve  yields  the  pos¬ 
sibility  of  extending  the  working  frequency  range  of  Y-circulators  in  comparison 
with  Y-circulators  without  dielectric  sleeves  by  several  times. 

Results  of  Experimental  Study 

As  for  the  case  of  a  Y-circulator  without  a  dielectric  sleeve  as  well  [1], 
for  confirming  the  correctness  of  the  presumptions  at  the  base  of  the  calculations 
for  a  Y-circulator  waveguide  with  a  ferrite-dielectric  element,  the  distribution 
of  the  module  of  electric  field  intensity  on  the  surface  of  a  dielectric  sleeve 
in  a  tuned  Y-circulator  was  experimentally  measured.  The  measurements  were  car¬ 
ried  out  with  the  help  of  a  rotating  sonde  [1].  In  order  to  avoid  substantial  er¬ 
ror  during  this,  the  ferrite-dielectric  element  was  attached  to  a  rotating  plug 
with  the  sonde. 

The  results  of  the  experiment,  presented  in  Fig.  7,  confirm  the  presupposition 
concerning  the  fact  that  the  principle  of  functioning  of  a  Y-circulator  with  a 
ferrite-dielectric  element  and  the  physical  processes  taking  place  in  it  are  iden¬ 
tical  to  the  same  in  a  Y-circulator  without  a  dielectric  sleeve. 

Insofar  as  there  are  no  data  in  the  literature  concerning  parameters  of  Y- 
circulators  with  ferrite-dielectric  elements,  in  order  to  check  the  calculation 
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results,  the  parameters  of  a  Y-circulator  waveguide  with  various  ferrite-dielec 
trie  elements  were  measured.  Ferrite  cylinders  were  prepared  from  grade  M-18 
ferrite  with  e*8. 1  The  results  of  the  experimental  study  and  corresponding  cal 
culational  data  are  presented  in  the  following  table. 


In  the  denominators  of  the  fractions,  values  derived 
by  means  of  a  calculational  method  are  shown. 


a  !W]se 


Fig.  7.  The  experimentally  derived  structure  of  an  electric 
field  on  the  surface  of  a  dielectric  sleeve. 


Values  for  Uj  and  :»«</•*■  found  experimentally  were  taken  as  baseline  data  for 
the  calculation.  All  values  entered  into  the  table  were  derived  at  the  central 
frequency  of  the  working  circulator  frequency  range.2 


*In  the  work  cited  [4],  an  experimentally  plotted  curve  of  magnetization  for  this 
kind  of  ferrite  is  presented.  This  makes  it  possible  according  to  a  known  ex¬ 
ternal  magnetic  field  intensity  to  determine  the  tensor  parameters  of  the  ferrite 
taking  into  account  the  demagnetizing  factors,  and  to  compare  them  with  the  val¬ 
ues  generated  from  calculation. 


As  may  be  seen  from  the  table,  the  agreement  of  calculational  and  experi¬ 
mental  data  is  quite  satisfactory. 


2 The  measurements  were  carried  out  in  the  three-centimetric  range. 
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